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CHAPTER  I 

INTRODUCTION 

Associated  with  the  ternary  quadratio  form 
(1)  f  =  ax2  +  by2  +  oz2  +  2ryz  +  2sxz  +  2txy 

is  the  determinant 

a  t  s 
t  b  r 
s  r  o 

which  is  represented  by  d.    The  greatest  oomraon  divisor  of 
the  oof actors  of  the  elements  of  d  is  denoted  by  £1.  With 
f  there  is  associated  a  reciprocal  form  f  ■  AX2*  BY^H-  •  •  • 
+  2TXY  where  Ha,  O-B,  flT  are  the  oofaotors  of  the 

elements  of  d. 

Two  forms  of  the  same  determinant  are  said  to  be 
equivalent  when  one  may  be  transformed  into  the  other  by 
means  of  a  linear  transformation  of  determinant  one. 

The  greatest  oommon  divisor,  or  briefly  the  g.o.d., 
of  the  integers  a^,  a2,  an  is  denoted  by 

(al»a2»*** t\) •    If  (a,b,o,r,s,t)  ■  1,  f  is  said  to  be 
primitive.    When  (a,b,o,r,s,t)  =  1,  f  is  said  to  be 
properly  or  Improperly  primitive  according  as  (a,b,o)  is 
odd  or  even. 

The  integers  d  and  Cl  associated  with  a  primitive 
form  f  are  invariants  of  f  with  respeot  to  any  linear  trans- 
formation of  determinant  one.    The  integer  A  is  defined  by 
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d  =  ft2A.    The  determinant  D  associated  with  F  is  given  by 
D  =  -Q.A2.    Let  A"  and  A"  be  the  greatest  powers  of  2 
dividing  fl  and  A  respectively.    Hence  ft'  and  A«,  defined 
by  n  m  .Q'O."  and  A  ■  A 'A",  are  odd. 

A  form  is  positive!  if  and  only  if 
(2)  a  >  0,  ab  -  t2  >  0,  and  d  >  0. 

The  form  f  is  said  to  represent  primitively  an 
integer  N  if  f  (x,y,z)  «  N  and  (x,y,z)  ■  1. 

All  of  the  forms  equivalent  to  a  given  form  are 
said  to  form  a  olass  of  forms.    In  a  class  of  forms  there 
is  one  which  is  unique  and  this  one  is  oalled  the  reduced 
form  of  the  class,2 

Two  forms  having  the  same  Invariants  ft  and  A  are 
said  to  belong  to  the  same  genus  of  forms  if  their  like 
characters  all  have  the  same  value. 3 

According  to  the  definitions  of  class  and  genus, 
all  forms  of  the  same  determinant  and  invariants  £l  and  A 
are  divided  into  genera  and  the  genera  into  classes. 

The  ternary  quadratic  form  f  has  associated  with 
it  certain  arithmetic  progressions  such  that  no  integer 
contained  in  any  one  of  these  progressions  is  represented 
by  the  form.^ 

}L.  E.  Dickson,  Studies  in  the  Theory  of  Numbers. 
(Chioago),  1930,  p.  10   "  ' 

2Ibid.,  p.  179.  3ibid.,  pp.  51,52. 

*B,  W.  Jones,  A  New  Definition  of  Qenus  for  Ternary 
quadratic  Forms,  Transactions  of  the  Amerioan  Mathematical 
society,  Vol.  33  (1931,  p.  99. 
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The  subject  of  regular  and  irregular  forms  was 
introduced  by  L.  E.  Dickson  in  1927.^    He  defined  a  regular 
form  as  being  a  properly  primitive  positive  ternary  quad- 
ratic form  which  represents  all  integers  not  included  in 
its  arithmetic  progressions,  and  found  the  possible  reg- 
ular forms  for  f  ■  ax2  +  by2  +  cz2  where  a  =  1  and  (b,o)  ■»  1. 
All  properly  primitive  positive  ternary  quadratio  forms,  not 
regular,  were  classified  by  Diokson  as  being  irregular. 

B.  W.  Jones  proved  there  exist  exaotly  102  regular 
forms  f  =  ax2  +  by2  +  oz2  with  (a,b,o)  ■  1  in  his  Chicago 
dissertation  of  1923. 2    He  and  Gordon  Pall  gave  proof  of 
the  regularity  of  these  102  forms  by  use  of  quaternions. 3 
They  also  have  shown  that  a  genus  of  more  than  one  class 
may  contain  a  form  which  is  almost  regular.    For  example 
f 1  ■  3x2  *  Jj-y2  +  9z2  represents  no  w2  where  odd  w  ■  1 
(mod  3).    This  form  represents  all  numbers  outside  of  its 
associated  arithmetic  progressions,  henoe  Jones  and  Pall 
referred  to  this  form  as  being  almost  regular  or  semi- 
regular.    They  state: -"These  almost  regular  forms  are  new 
and  are  one  of  the  most  significant  products  of  the  method 
of  proof. Jones  has  shown  that  a  regular  form  represents 


L.  E.  Dickson,  Ternary  Quadratic  Forms  and  Congru- 
ences .  Annals  of  Mathematics ,  Vol.  28  (1927),  PP.  333-41. 
p 

^L.  E.  Dickson,  Modern  Elementary  Theory  of  Numbers. 
(Chioago),  1939,  P.  HI. 

^Burton  W.  Jones  and  Gordon  Pall,  Regular  and  Semi- 
regular  Positive  Ternary  Quadratio  Forms.  Acta  Hathematica. 
Vol.  70  (193*4),  PP.  165-191. 

4bid.,  p.  I67. 
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all  the  integers  that  any  form  in  the  genus  represents.1 
Hence,  obviously,  a  form  is  regular  if  it  is  in  a  genus  of 
only  one  olass.    There  exist  32  genera  containing  only  one 
class,  19  genera  contain  2  classes,  and  1  genus  contains 
k  olasses  among  the  102  regular  forms  without  oross  product 
terms.    Of  the  irregular  reduced  forms  Involved  in  these 
cases  only  9  have  been  properly  classified  as  being  almost 
regular  or  semi-regular  by  use  of  quaternions. 2 

Definition  1.    A  properly  primitive  ternary  quad- 
ratic form  is  said  to  have  an  almost  characteristic  of  the 
first  kind  associated  with  it  if  there  exist  a  finite 
number  of  integers,  not  contained  in  the  arithmetic  progres- 
sions associated  with  the  form,  that  are  not  represented 
primitively  by  the  form. 

Definition  2.    A  properly  primitive  ternary  quad- 
ratio  form  is  said  to  have  an  almost  characteristic  of  the 
seoond  kind  associated  with  it,  if  there  exist  odd  squares, 
whose  positive  square  roots  form  an  arithmetic  progression, 
and  the  odd  squares  are  not  represented  primitively  by  the 
form. 

burton  W.  Jones,  The  Regularity  of  a  Qenus  of 
Positive  Ternary  Quadratic  Forms.  Transactions  of  the 
American  Mathematical  Society,  Vol.  33  (193D  ,  P.  12^. 

2Jones  and  Pall,  Regular  and  Semi -regular  Forms. 
Acta  Mathematloa,  Vol.  70  (193*5).  P.  191. 
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Definition  3.    A  properly  primitive  ternary  quad- 
ratio  form  is  said  to  have  an  almost  oharaoterlstlo  of  the 
third  kind  associated  with  it,  if  there  exist  odd  squares, 
whose  positive  square  roots  form  an  arithmetic  progression, 
and  the  odd  square  multiples  of  Q  aire  not  represented 
primitively  by  the  form. 

Definition  k»    A  properly  primitive  ternary  quad- 
ratio  form  which  represents  all  integers  not  contained  In 
the  set  of  arithmetic  progressions  associated  xflth  it,  but 
possesses  an  almost  characteristic  of  the  first,  second,  or 
third  kind  is  said  to  be  almost  regular. 

Definition  5.  An  almost  regular  form  is  said  to 
be  an  almost  regular  form  of  the  first,  second,  or  third 
olass  according  as  it  possesses  an  almost  characteristic 
of  the  first,  second,  or  third  kind  respectively. 

This  dissertation  deals  with  forms  possessing  an 
almost  characteristic  of  the  second  kind  and  forms  posses- 
sing an  almost  oharacteristlo  of  the  third  kind.    In  this 
dissertation  it  is  shown  that  there  exist  infinitely  many 
genera  containing  two  classes  of  forms  possessing  almost 
characteristics  of  the  second  and  third  kinds. 

The  method  of  proof  follows  that  used  by 
Burton  W.  Jones  and  E.  H.  Hadlook  on  indefinite  forms.1 

1Burton  W.  Jones  and  E,  H.  Hadlock,  Properly 
Primitive  Ternary  Quadratic  Qenera  of  More  Than  One  Class. 
Proceedings  of  the  American  Mathematical  Society.  Vol.  E 
No.  k  (August,  1953),  PP.  539-5^3. 
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In  their  paper  it  is  to  be  noted  that  their  proof1  of 
Lemma  2  is  general  so  that  the  relation  between  the 
integers  represented  by  (1)  with  t  =  0  and  the  integers 
represented  by 

(3)  g  =  bu2  +  av2  +  dz2 

is  given  by 

(*!■)  abf  =  g 

where  the  variables  u,  v,  and  z  are  given  by 

(5)  u  =  ax  +  sz 

v  =  by  +  rz 

z  =  z. 

In  addition  to  the  papers  listed  in  the  footnotes 
there  have  been  others  by  Henry  J.  S.  Smith,  Burton  W.  Jones, 
and  E.  H.  Hadlock  that  have  been  useful  in  the  preparation 
of  this  dissertation.    These  are  listed  in  the  bibliography. 


Ibid.,  pp.  5^1,5^2. 


CHAPTER  II 

THE  FORM  f  =  a*a  +  nq2y2  +  oz2  +  2Or»yz  +  2sxz  WHERE  THE 
INVARIANTS  Cl  AND  A  CONTAIN  AT  LEAST  ONE  COMMON  ODD 
PRIME  FACTOR  TO  AN  ODD  POWER 

1.    Lemma  1.2.    Let  XI  •  ■  Q2p     ^  A,  =  A2p 
where  Xl2  ^  AJ  are  the  largest  squares  dividing  XI*  and 
A1  respectively.    Then  PAa1s  the  oommon  factor  of  Hi  and 
A'  whioh  is  an  odd  prime  or  a  product  of  distinct  odd 
primes.    Let  p  and  q  be  distinct  odd  primes  and  prime  to  the 
determinant  d,  and  let  XI",  A",  p,  and  q  have  the 

values  as  listed  for  the  particular  oases  in 


TABLE  1 


Case 

p  s 

Power 

of  2 

q  a 

(mod  k) 

XI" 

A" 

P  e 

1 

3 

even 

even 

1 

(mod  4-) 

i, 

3 

(mod  *0 

2 

3 

odd 

odd 

1 

(mod  k) 

i. 

7 

(mod  g) 

3 

3 

odd 

even 

1, 

3 (mod  g) 

3 

(mod  k-) 

k 

3 

even 

odd 

1, 

3 (mod  g) 

7 

(mod  g) 

5 

1 

even 

even 

1 

(mod  k) 

i 

l 

(mod  k) 

6 

1 

odd 

odd 

1 

(mod  1+) 

1 

(mod  g) 

7 

1 

odd 

even 

1, 

3 (mod  g) 

i 

(mod  k) 

g 

  r  1 

even 

j  odd 

1. 

3 (mod  g) 

i 

(mod  g) 

Let  J  =  1  and  let  the  characters  with  respect 

to  XI  and  the  characters  with  respect  to      and  g,  when  they 


-  g  - 

exist,  have  the  value  one.    Then  a  properly  primitive 
positive  ternary  quadratic  form  f  with  a  properly  primitive 
reciprocal  form  P,  exists  for  which  a  ■  1  or  p2,  b  m  Hq2, 
r  =  fir1  and  t  =  0.    Moreover  ^P_j  ■  1  for  each  odd  prime 
factor  qA  of  A. 

Take  a  ■  1  or  p2.    Then  the  charaoter  /*A  «=  l  for 
each  odd  prime  factor  p^  of  ii  •    Also  y^j  "  1  "  (  j 
a  ■  1  or  p2« 


since 


Prom  the  definition  of  a  cofactor  of  an  element  of 


d,  C  ■  aq2  so  that 


k)ik)-x-  -(i>-(sm 


■  1 


Prom  the  expression  for  the  determinant  d  of  f 
there  is  obtained 

(6)  aA  -  q2s2  -  QA 
where 

(7)  A  «  q2o  -i>»2. 

Integers  A  and  s  must  be  found  for  which  (6)  is  true,  and 
then  integers  c  and  r1  are  to  be  found  for  which  (7)  la 
true. 

If  a  =  1,  then  for  s  jrf  0,  A  is  given  by  (6).  in 
order  for  (6)  to  have  an  Integral  solution  in  A  and  s  when 
a  ■  p2,  it  is  necessary  and  sufficient  for 
(g)  s2  2  -HAq1  (mod  p2) , 

to  have  a  solution  where 

q2qx  ■  1  (mod  p2). 
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The  quadratio  character 


P 

-n 


lj  =  ^Aggq^  _  ^PA^"A2P^A^ 
"A"  j  ,  in  oases  lf  2,  5»  and  6,  beoomes  ^zije  if 


\  P 

sinoe  p  ■  1  (mod  4-),  and  in  oases  3»  ^»  7$  and  g  beoomes 

^      1»  sinoe  p  ■  1,  3  (mod  g). 

Hence  the  congruence  (g)  has  an  integral  solution 
for  s  and  the  Integral  value  of  A  is  given  by  (6). 

In  order  that  (7)  may  have  an  Integral  solution  in 
o  and  r' t  it  is  neoessary  and  sufficient  that 

(10)  r»2  3  -  AH2  (mod  q2) 
has  a  solution  where 

(11)  I)n28l  (mod  q2). 

Prom  (6)  it  is  seen  that  aA  (mod  q2) .    Hence  the 

value  of  the  quadratlo  character 

/^n2\  /-AQ2n2\  /^aon  /-aAn\  /-nAn 


■)-m-i=fH 


-A 


In  oases  1,  3,  5  and  7, 


-P  A" 


q 


-10- 
In  oases  2,  kt  6  and  g, 

/-P^\/2\  /I 


■  1, 


\  q/vq/  \q, 

since  q  s  1,  7  (mod  g).    Henoe  the  oongruenoe  (10)  has  an 
Integral  solution  for  r1  and  from  (7)  the  integral  value 
of  o  is  given  by 

A  +flr»2 

(12)  o  «   5   • 

<r 

Since  (a,  b)  ■  1,  f  is  properly  primitive,  and 
since  the  relations  (2)  hold,  f  Is  positive. 

It  is  necessary  to  show  that  A  is  the  greatest 
common  divisor  of  the  cof actors  of  the  elements  of  d.  The 
expressions  for  the  cof actors  of  a,  b,  o,  r,  s,  and  t#  with 
t  =  0,  b  »  nq2,  and  r  =  fl  r1  are 

HA  =  Hq2o  -  n2r«2 

flB  =   ao  -  s2 

fie  «  aXlq2 

HE  *  -aOr' 

Hs  =    -  nq2s 

ilT  «  fir's 
A,  C,  R,  S,  and  T  are  obviously  Integers. 

To  show  that  B  is  an  Integer,  suppose  that  B  is 
rational  and  not  an  integer.    Since  ao  -  s2  is  an  integer 
the  denominator  of  B  divides  Q  for  ClB  ■  ao  -  s2.  Prom 
the  expression  for  the  determinant  of  f  it  follows  that 


-  11  - 


b.QB  -  ar2  =  -^2a  and  hence  q2B  ■  ar*2  +  A.    But  ar'2  +  A  Is 
an  integer.    Henoe  the  denominator  of  B  divides  q2.  But 
(q2,  Ci  )  =  1.    Henoe  B  is  an  integer.    It  follows  that  O-  is 
the  greatest  common  divisor  of  the  oofaotors  of  the  elements 
of  d  when  it  is  shown  that  P  is  primitive.    A  common  factor 
0  of  the  coefficients  of  P  must  divide  C  ■  aq2.    From  the 
expression  for  the  determinant  of  P  it  follows  that 
divides  Oa2.    But  (aq2,  _QA2)  =  1.    Hence  (T=  1,  and  P  is 
primitive.    Therefore  Q  is  the  greatest  common  divisor  of 
the  cofaotors  of  the  elements  of  d.    Further,  sinoe  C  =  aq2 
is  odd,  F  is  properly  primitive.    Hence  Lemma  1.2  is  true 
and  there  exists  a  properly  primitive  positive  ternary 
quadratic  form 

(1*0  f  =  ax2  +  nqZy2  +  oz2  +  Zflr'jz  +  2sxz, 

with  a  properly  primitive  reciprocal  form  F,  for  each  case 

of  Table  1. 


where  fl2  and  A2  are  the  largest  squares  dividing  D1  and 

JU  JL 

A1  respectively.    Let  P    t  fln ,  A",  p,  and  q  of  Lemma  1.2 
and  odd  V>  0  have  the  values  as  listed  for  the  particular 
cases  in  Table  2.  Let 


2.    Lemma  2.2.    Let  CI »  -  Afp^    and  A*  ■  A?P, 


with  (7  ,  2pqHA)  -  1. 

Then  f  of  Lemma  1.2  represents  primitively  no  y  2. 


12 


TABLE  2 


Case 

(mod  *0 

Power 

of  2 

p  a  1 

q  ■ 

(mod  g) 

.Q» 

A" 

w 

1 

3 

even 

even 

(mod  JJ-) 

l,3(mod 

•  #  • 

>  i 

2 

3 

odd 

odd 

(mod  g) 

l,7(raod  g) 

+  pq 

>  61* 

3 

l 

even 

even 

(mod 

1    (mod  4-) 

pq 

>  6k 

l 

odd 

odd 

(mod  2) 

1    (mod  g) 
■  '   ■       ■  ■ 

pq 

>  64 

The  relation  between  the  Integers  represented  by 
(l4)and  the  Integers  represented  by  (3)  is  given  by  (4)  , 
where  the  variables  u,  v,  and  z  are  given  by  (5). 

If  f  =  y  2  has  a  primitive  solution  (x,y,z),  then 

u,  v,  and  z  oan  have  no  common  prime  factors  except  p  and  q. 

Suppose  a  prime  g  divides  u,  v,  and  z  and  is  prime  to  p  and 

q.  Then  it  follows  from  (5)  that  g  divides  x,  y,  and  z  and 
the  solution  is  not  primitive. 

If  =  "  1»  p  does  not  divide  z»  since  f  ■  y2t 


z  a  0  (mod  p)  implies 
(15)  y2  a  QqV  (mod  p) . 

But        "  (~)  -  (£3^^21j  -  l^±£L 


-  (JL^J  .    In  cases  1  and  3,  _  ^QLj  *  -  ^ij  =  -  1.  In 


p 


oases  2  and  k,  -  s  -  ^- j  ="  -  1.    Hence  the  congruence 

(15)  has  no  primitive  solution  and  p  does  not  divide  z. 
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From  (^)  and  (5)  with  a  =  p2  and  f  =  J2,  there  is 

obtained 

(16)  p2q2-y2  =  q2u2  +  p2n*2  +  mz2f  v  = 
so  that 

(17)  (qu)2  +  fKpv-jjS  =  (pq-V)2  -  HAz2, 
and 

(IS)  (qu)2  +  n(pvi)2 

where 

(19)  (°  =  pqr  +  \fnhz 


(f  =  pq-y  -  \/7l  Az 
Take  ©  «=  ^  or  (f.    Then  ^  and  d~  must  have  the 
same  sign  since  the  left  member  of  (1*5)  is  positive.  From 
(19)  (°  +  <T m  2pq.y.    Hence  <°  and       are  each  positive  and 
©  >  0. 

Assume  there  exist  integers  u,  v^,  and  z  that 
satisfy  (IS) .    Then  u,  vlt  and  ©  must  satisfy 

<2°)  (qu)2  ■  -  J7(pvx)2    (mod  ©) . 

The  character 

For  case  1, 

A4  -i  \      /      ft  ^ 


(■ 


©         /         *     ©      I  Vaa- 
since  P     23  (mod  4).    From  (19), 

/  pqr 


=  -  1, 


For  oase  2, 

';i^)-f^-)(-f)-(6(' 

sinoe  ( — ~£jhas  the  same  value  as  in  case  1,  Prom  (19) , 
0  s  pqy  (mod  P^  )  and  ©  ■  +  1  (mod  g) .  Henoe 


For  oase  3» 


-  p  n" 

A* 


r-  p 


From  (19),      ©  ■  1  (mod  g)  and  ©  a  pqy(mod  P^  J , 

-(-TH-fc)-(Sr)"" 

For  oase  4-, 

p0  n"\    /-  p  \  /a\   >    ,  ,  , 


sinoe  from  oase  3,  (JL  L  .  i  and  ©si  (mod  g).  Therefore 
(20)  has  no  primitive  integral  solution  if 

(^(p^x)2,©)  =  1. 
It  has  Just  been  shovm  that  ^T"^'       -  1,  where 
(£1,©)  w  i.    Hence  there  exists  an  odd  prime  factor  pe  of  ©f 
prime  to  fl  t  and  dividing  ©  to  an  odd  power  such  that 
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But  by  assumption, 

(21)  (qu)2  ■  -  n  (pv,)2  (mod  ) 
has  a  solution.  Hence 

(22)  qu«  pv,  ■  0  (mod  pe). 

By  (19)  it  is  Been  that  when  /  P   \  «  -  1,  p     y<  p, 

since  it  has  been  shown  that  z  P<  0  (mod  p) .    Also  when 

[«— ■  )■  1,  p     f  p,  because  /  P»  \=  -  l     Since  /_3fc^«  -  1 
find/  3  \  =  1    it  follows  that  pe      q.    Hence  (22)  implies 

(23)  u  ■       ■  0  (mod  p^) . 

If  p0  divides  z,  then  it  follows  from  (5)  that  p^ 
is  a  common  factor  of  x,  y,  and  z  and  hence  by  (14-)  f  does 
not  represent  *y  2  primitively.    Therefore  (p#f  z)  ■  1.  If 
pft  divided  both  /°  and       it  would  divide  pq  y  and  AAz  which 
has  Just  been  shown  to  be  impossible.    Hence  p_  ooours  to  an 
odd  power  in  the  right  member  of  (16)  and  to  an  even  power 
in  the  left  member  which  is  impossible.    Therefore  the 
assumption  that  (20)  has  a  primitive  solution  is  false  and 
hence  there  exists  no  primitive  solution  to  f  ■»  7/2,  There- 
fore Lemma  2.2  is  true. 

3.    Theorem  1.2.    Let  CV  =  and  A«  =  A2^^ 

where  A2  and  A2  are  the  largest  squares  dividing  jf>*  and  A' 
respectively.    Let  P^*,  A",  A",  P,  q,  and  odd-y>  0  have 
the  values  as  listed  for  the  particular  cases  in  Table  2. 
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Let  p  and  q  be  distinct  primes  and  prime  to  twice  the 
determinant  d  with  /_q_  \  Let  the  quadratlo  oharaotere 

with  respect  to  n  and  the  characters  with  respect  td  4-  and  & 
have  the  value  one.    Then  there  exist  genera  of  properly 
primitive  positive  ternary  quadratic  forms,  with  properly 
primitive  reciprocals,  containing  at  least  two  classes  of 
forms  f  =  p2*2  +  riq2*2  ♦  oz2  +  2fLr'yz  +  2sxz  having  an 
almost  characteristic  of  the  second  kind. 

For  f  of  Lemma  1.2  take  a  =  p2  and  define  fx  «  f , 

Wh6n  (p^j"  U    Por  fl  ^  f2  tak«  b  •»  m2,  rcnr', 

t  ■  0  and  then  s,  r',  and  c  are  determined  as  in  Lemma  1.2. 

From  Lemma  1.2  (Z^  m  1  depends  only  upon  A  so  that  fx  and 
f2  belong  to  the  same  genus.  By  Lemma  2.2, 

when  ■(£)-  -  (£> l- 8114 

Wh6n   (^l)"1  "  US"  )"  "  1#    Therefore  the  Senus  containing 
fx  and  f2  contains  at  least  two  classes  having  the  almost 
characteristic  of  the  second  kind  since  there  is  no  odd 
square  represented  primitively  by  both  f,  and  f9. 

\ 

Since  _Q  and  A  may  have  different  values  subject  to 
the  restrictions  imposed  upon  them  in  the  hypothesis,  it 
follows  genera  of  properly  primitive  positive  ternary 
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quadratic  forms  exist,  with  properly  primitive  reciprocals, 
containing  at  least  two  classes  of  forms 

f  ■  p2x2  +  riq2?2  +  oz2  +  2flr'yz  +  2sxz 
having  an  almost  characteristic  of  the  second  kind. 

4-,    Lemma  3»2.    Properly  primitive  ternary 
quadratic  forms  represent  primitively  the  same  integers. 

Let  the  linear  transformation 
x  =  A^x  +  B^Y  +  CjZ 

(26)  y  »  AgX  +  B2Y  +  C2Z 

z  ■  A^X  +  B^Y  +  C^Z 

of  determinant  one  transform       (x,  y,  z)  into  fg  fx,  Y,  Z) . 

Now  (x,  jrf  z)  m  1  implies  (X,  Y,  Z)  ■  1  since  by  (26)  a 
common  divisor  of  X,  Y,  and  Z  would  divide  x,  y,  and  z 
contrary  to  (x,  y,  z)  -  1. 

Also  the  inverse  transformation  of  (26)  is  of  the 

form 

X  =  a^x  +  t^y  +  o^z 

(27)  Y  *  agx  +  b2y  +  o2z 

Z  ■  a  x  +  by  +  o,z 

3     r  3 

and  similarly  (X,  I,  Z)  ■  1  implies  (x,  y,  z)  =  1.  Hence 
if  f^.  ilaB  an  almost  characteristic  of  the  second  kind,  then 
?2  has  the  identical  almost  characteristic  of  the  second 
kind. 


-  US  « 

5.  Example  1.2.  Let  f  =  p2*2  +  Aq2y2  +  oz2 
+  2  ilr«yz  +  2sxz,  D.  ■  3,  and  A  =  12.  Then  R.  «  3, 
ilM  and  A"  are  even  powers  of  2  and  oase  1  of  Table  2 
applies.    Take  p  =  5  and  q  ■  7.    Hence       «  f  ^  72,  where 

/JL  \=  -  /J-_\=  i  so  that  odd  *Y  m  X  (mod  3).    It  is  found 

that  s  =  6,  r'  =  5  and  0=3.  Hence 

fx  ■  25X2  +  l^y2  +  3z2  +  30yz  +  12xz. 
The  linear  transformation  of  determinant  one 

/  0      2  i 

Oil 

-1      -9  -11 

\  ' 
transforms       into  the  reduced  form 

f,  =  3X2  +  ^Y2  +  9Z2# 

Hence  by  Lemma  3»2  the  class  of  forms  represented  by  f^ 

represents  primitively  no  >2,  where  odd  7  ■  1  (mod  3). 

Now  take  p  =  13  so  that  f2  =  f  f  y*t  where  odd 

ys  2  (mod  3).    Then  s  -  60,  r'  =  17,  and  o  =  39.  Hence 

f2  =  169X2  +  l^y2  +  39z2  +  102yz  +  120xz. 

The  linear  transformation  of  determinant  one 

-1        6  -2^1 

-1       6  -23 

,  3   -17     67 j 
transforms  f2  into  the  reduced  form 

fjj.  -  X2  +  3Y2  +  36Z2. 
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Henoe  by  Lemma  3.2  the  class  of  forms  represented  by  f^ 
represents  primitively  no  T2  where  odd  7«  2  (mod  3). 
The  characters  that  exist  for  k  and  g  are 

(f)  ■  (?: 

i  \       /  -  i 


=  i 


25*^9 


l69«^9, 


=  1. 


Hence  f1  and  f2  are  in  the  same  genus  of  forms.  Each 
possess  an  almost  characteristic  of  the  second  kind. 

Example  2.2.    Let  f  =  p2x2  +  ilq2y2  +  oz2 
+  2f>.r»yz  +  2sxz,  fi  -  12  and  A  =  3.    Then  P^«=  3,  £1* 
and  A"  are  even  powers  of  2  and  case  1  of  Table  2  applies. 
Take  p  =  5  and  q  =  7.    Then  f    =  f  ^  T2  where  7  odd  ■  1 
(mod  3).    It  is  found  that  s  =  6,  r»  =  22,  and  c  =  120. 
Hence 

fx  =  25X2  +  5ggy2  +  I20z2  +  523 yz  +  12xz. 
The  linear  transformation 

'  2  -3 

\-9  11 


0» 
1 
-2 


reduces  f^,  to 


f^  =  ^X2  +  9JT2  +  12Z2. 


Hence  by  Lemma  3.2  the  class  of  forms  represented  by  f^ 
represent  primitively  no  y2  where  odd  T  ■  1  (mod  3}. 
Therefore  this  class  of  forms  possesses  an  almost  charac- 
teristic of  the  second  kind. 


Now  take  p  =  13.    Then  s  =  60,  r«  =  16,  and  c  =  Zk-. 

Hence 

f2  =  l69x2  +  +  gil-z2  +  3g^yz  +  120xz. 

This  form  reduces  to 

f  1|  =  X2  +  12Y2  +  36Z2. 
Hence  the  class  of  forms  represented  by  f^  represents 
primitively  no  It  2  where  odd  7  s  2  (mod  3).  Therefore 
this  class  of  forms  possesses  an  almost  characteristic  of 
the  second  kind. 

The  character  (±^j  .  .  X. 

The  character  (i)  -  .  -  x. 

No  other  characters  exist  with  respect  to  ^  and  3. 
Hence  f-^  and  f^  are  in  the  same  genus  of  forms. 

Example  3.2.    Take  f  as  in  Example  1.2.  Let 
H=  1^  and  A  =  3.    Then        -  3 .    Let  (JL\*>  1.  Take 
p  =  5  and  q  =  7.    Then  s  =  12,  r1  =  22,  and  c  =  k&0.  Hence 

fx  =  25x2  +  2352JT2  +  k&Oz2  +  2112yz  +  2^-xz 
which  reduces  to 

f^  =  16X2  +  25Y2  +  25Z2  +  ik-YZ  +  16XZ  +  i6xr. 
Hence  the  class  of  forms  represented  by  f^  represents 
primitively  no  7 2  where  odd  ?■  1  (mod  3)  and  this  class 
possesses  an  almost  characteristic  of  the  second  kind. 
Now  take  p  =  13,  then 

f2  -  I69X2  +  2352y2  +  265z2  +  1536yz  +  9&b. 
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This  reduces  to 

=        +  +  ^9Z2  +  IWftZ  +  ^XZ. 

Therefore  the  class  of  forms  represented  by  f^  represents 
primitively  no  T2  where  odd  7e2  (mod  3).    Hence  this 
class  possesses  an  almost  characteristic  of  the  second  kind. 


The  character 


t)  -  (?)  ■  m-  >■ 


The  character (li]    =    (zL\  =  /-liU  i# 
\a>         \25/  \169/ 


The  character/ 1  ]  =    /-2_\  =  /-JL\  =  i. 

U/        (25j  il69/ 

Hence  these  two  classes  of  forms  are  in  the  same  genus. 


CHAPTER  III 

THE  FORM  f  =  ax2  +  Aq2y2  +  cz2  +  2nr«yz  +  2sxz  WHERE  THE 
INVARIANTS   fl  AND  A  CONTAIN  NO  COMMON  ODD  PRIME  FACTOR  TO 

AN  ODD  POWER 

1.    Lemma  1.3.    Let  fl'  *  jfl2  and  A*  =  A^.    Let  the 
characters  with  respect  to   CI  and  the  characters  with 
respect  to  k  and  g,  when  they  exist,  have  the  value  one. 
Let  p  and  q  be  distinct  odd  primes  and  prime  to  the  determ- 
inant d,  and  let  n",  A",  p,  and  q  have  the  properties  listed 
for  the  particular  cases  In 


TABLE  3 


Case 

Power 

of  2 

P  5 

q  B 

a" 

A 

I 

n-A" 

XI" 

A" 

1 

even 

even 

1 

(mod  4.) 

1 

(mod  k) 

»i 

> 

>  ^ 

2 

even 

even 

1 

(mod 

1 

(mod  1*) 

>k 

1 

>  H- 

3 

even 

even 

1 

(mod  *0 

1 

(mod  k) 

- 1 

S3 

1 

■  1 

k 

even 

even 

1 

(mod  k) 

1 

(mod  4-) 

>  ^ 

> 

>  16 

5 

odd 

odd 

1 

(mod  Jj.) 

1, 

3 

(mod  g) 

>  2 

> 

2 

>  k 

6 

odd 

even 

1, 

3 

(mod  g) 

1 

(mod  k) 

>  2 

S3 

1 

>  2 

7 

odd 

even 

li 

3 

(mod  g) 

1 

(mod  *0 

>  2 

> 

>  g 

g 

even 

odd 

1. 

3 

(mod  g) 

1, 

3 

(mod  g) 

■  1 

> 

2 

>  2 

9 

sven 

odd 

li 

3 

(mod  g) 

1. 

3 

(mod  g) 

>  4 

> 

2 

— _ 

>  g 
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Then  properly  primitive  positive  ternary  quadratic 
forms  f  and  F  exist  for  which  a  =  1  or  p2f  D  =  aq2^  r  mf^t 
and  t  =  0.    Moreover  ^~^=  1  for  each  odd  prime  factor 


q.    of  A. 


Take  a  -  1  or  p2.    Then  the  character  (^~)  ~  1  for 

each  odd  prime  factor  p     of  A,    Also  (z  1  \  ■  1  ■  ( -  \ 

cl  X   a)  \a/- 

From  the  definition  of  a  cofactor  of  an  element  of 

d,  C  =  aq2  so  that  /  -  1 

\    C  /  yaq2 


C  /    ^aq2 1     1  \aq2 


From  (g)  and  (9) 


P 

For  cases  1-5, 


slnoe  p  a  1  (mod  For  cases  6-9, 

/-  nnA"' 


:)  ■  (V) 


\  p 

since  p  ■  1,  3  (mod  g) .    Hence  (g)  has  a  solution  for  s  and 
the  integral  value  of  A  is  given  by  (6).  Also  A  will  have  the 
same  parity  as  the  choice  of  s  in  all  cases  except  in  case  3, 
where  the  parity  of  A  is  opposite that  of  the  choice  of  s. 

From  (6)  it  Is  seen  that  HiBaA  (mod  q2).  Also 
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(11)  holds.    Hence  from  (10)  and  (11), 


q      '    \  q 

/-  A\    /-  A'A" 


q 


03  ■ 


For  cases  1,  2,  3,  ^,  6,  and  7,  (^^j  «  (— )  -  *• 
since  q  ■  1  (mod  4-). 

For  cases  5.  3,  and  9,  -  (— )  =  1,  since 

q  s  1,  3  (mod  g).    Hence  (10)  has  a  solution  in  r« ,  and  the 
value  of  o  is  given  by  (7),  where  its  parity  is  the  same  as 
A  in  all  casea,  exoept  in  cases  1,  3,  and  g,  when  r«  is  taken 
odd. 

Since  (a,b)  =1,  f  is  primitive,  and  since  a  is  odd, 
f  is  properly  primitive.    Also  f  is  positive  since  (2)  holds. 

That  Q.  is  the  greatest  oomraon  divisor  of  the  oo- 
factors  of  the  elements  of  d,  and  that  P  is  properly  primi- 
tive, follow  by  arguments  Identical  with  those  given  in 
Lemma  1.2.    Hence  Lemma  1.3  is  true. 

2.    Lemma  2.3.    If  (  ypqflA)  m  &f  if  y  *  lf  3  (mod  g)  ^ 
when  q  .  5  p.,7p  (mod  0).  if  yS  5.7  (mod  g).  when  q  fi  ^ 
(mod  g);  and  if  A"A"  >  6k,  then  in  case  5  of  Lemma  1.3 
where  p  ■  1  (mod  k)  f  represents  primitively  no  72# 

If  t  -  y2  has  a  primitive  solution  (x,  y,  z)  then 
the  fact  that  u,  v,  z  can  have  no  common  prime  factor  other 
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than  p  and  q  follows  by  precisely  the  same  argument  as  that 
given  In  Lemma  2.2.  If  p  s  5  (mod  g) ,  p  does  not  divide  z, 
since  f  •  72,  z  s  0  (mod  p)  impnes  (15) .  But 


and  the  congruence  (15)  has  no  solution. 

Prom  (k)  and  (5)  with  a  m  p2  and  f  ■  ^  2  equations 
(16),  (17),  (lg),  and  (19)  are  obtained.    Taking  0  =»  P  or  (T 
it  follows  that  ©  >  0  by  an  argument  identioal  with  that 
given  in  Lemma  2.2.    By  (19),  0  B  pq  J  m  5,  7  (mod  g) . 

Assume  there  exists  integers  u,  v^f  and  z  that 
satisfy  (lg),  then  u,  v^  and  0  must  satisfy  (20).  But 

7  (mod  g).  Hence  (20)  has  no  solution  if  (H(pv1)2|  ©)  =  i. 
Since  (Q,  ©)  =  1  and  |  =  _  1,  there  exists  an  odd  prime 
factor       prime  to  _Q  and  dividing  0  to  an  odd  power  such 

that  (^p—j  =  -  1.    Therefore  88  -  1  and  p#  ■  5,  7 

(mod  g).    Hence  by  assumption  (21)  has  a  solution  with 
(n,  p#)  -  1  and  (-  n(pv1)2#  j^)  >  l#    Therefore  (22)  holds. 
But  by  (19)  when  p  a  5  (mod  g) ,  p^  ^  p  sinoe  it  has  been 
shown  that  z  ft  0  (mod  p) .    When  p  «  l  (mod  g),  ^  jt  p  sinoe 

a  5,  7  (mod  g).    Also  ^  ^  q,  since  q  ■  1,  3  (mod  g) . 
Hence  (23)  holds.    It  follows  that  (n,  ,  z)  =  1  and  that  (20) 
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has  no  solution  by  the  precise  arguments  given  In  Lemma  2.2. 
Therefore  Lemma  2.3  Is  true. 

3.    Theorem  1.3.    Let  n'  and  A'  be  odd  squares,  and 
fln  and  A"  each  be  odd  powersof  2  with  n^A"  >  6k-,  and  P  -1 
Let  p  and  q  be  distinct  primes  and  prime  to  d  with  p  =  l 
(mod  k)  and  q  a  i,  3  (mod  g)#    ^j.  of  ^  oharaoters 

with  respect  to  n  and  the  characters  with  respeot  to  ^  and 
g,  when  they  exist,  have  the  value  one.    Then  there  exist 
genera  of  properly  primitive  positive  ternary  quadratic 
forms  f  =  p2x2  +  nq2y2  =  CZ2  +  2 Qr'yz  +  2sxz,  with  properly 
primitive  reciprocals,  containing  at  least  two  classes  of 
forms  with  an  almost  characteristic  of  the  Becond  kind. 

For  f  of  Lemma  1.3  define  f x  m  f  when  b  =  Xlq2, 
*  *  5  P,  7  P  (mod  4)  and  f 2  =  f  when  b  =  nq2,  q  b  P|  3p 
(mod  g).    For  ^  and  f2  take  a  -  p2,  p  a  x  (mod  ^  fc  =  Q> 
and  then  s,  r',  and  c  are  determined  as  in  Lemma  1.3. 

From  Lemma  1,3  it  is  seen  that        j  =  (2-\~  1 

depends  only  upon  A  so  that  tx  and  f2  belong  to  the  same 
genus  of  forms.    By  Lemma  2.3  fj,  represents  primitively  no 
72  where  >  ■  1,  3  (mod  g) ,  and  ffi  represents  primitively 
no  9^2  where  7  a  5,  7  (mod  g) .    Therefore  the  genus  con- 
taining  fX  and  f2  contains  at  least  two  classes  for  there 
exists  no  odd  square  represented  primitively  by  both  t%  an* 
f2.    Further,  ^  and  fg  poS8ess  an  almost  characteristic  of 
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the  seoond  kind. 

Since  XX  and  A  may  have  different  values  subject  to 
the  restrictions  imposed  upon  them  in  the  hypothesis,  it 
follows  that  genera  of  properly  primitive  ternary  quadratic 
forms  containing  at  least  two  classes  of  forms 
f  =  ax2  +  Aq2y2  +  oz2  +  2nr'yz  +  2sxz 
exist,  having  an  almost  characteristic  of  the  second  kind. 

Lemma  3.3.    If  (  y ,  pqnA)  ■  1;  if  ?  1  1,  3 
(mod  g),  when  p  a  5qt  7q  (mod  g) ,  and  "7  «  5,  7  (mod  g) , 
when  p  *  q,  3q  (mod  g) j  and  if  A"  >  6^,  then  in  case  7  of 
Lemma  1.3,  where  pfil,  3  (mod  g) ,  f  represents  primitively 
non?*. 

If  f  ■  .Q  7  2  has  a  primitive  solution  (x,y,z),  then 
it  follows  as  in  Lemma  1.2  that  u,  v,  and  z  can  have  no 
common  prime  factor  other  than  p  and  q. 

If  q  a  5  (mod  g) ,  q  does  not  divide  z  since 
f  mQ  z  a  0  (mod  q)  implies  from 

(2g)       XI  ?2  =  p2x2  +  nq2y2  +  cz2  +  2-Qr»yz  +  2sxz 
that 

(*)  y2  3  A2P2x2  (mod  q) 

where 

(30)  ^i)2il  (mod  q) . 

But 


-  2g  - 

since  q  s  5  (mod  g).    Hence  q  does  not  divide  z,  if  q  ■  5 
(mod  g) . 

Prom  (k-)  and  (5)  with  a  =  p2  and  f  ■  AT2,  there 
Is  obtained 

Hence  (31)  implies  that  u  contains  A  as  a  factor.  Therefore 
let  u  -  {;u1#  Then 

(32)  p2q2^2  .  Aq2u2  +  p2y2  +  Az2 
and 

(33)  n<l2uf  +  p2y2  =  (pq<>)2  .  Az2 
so  that 

-Qfqu^2  +  (pv1)2  m  P (T 

where 

(35)  =  pqT  +    \jl  z 

(T  -  pqy  -  v/a"2. 

Take  0  =  /°or  <T .    It  follows  as  In  Lemma  2.2  that  0  >  0, 
and  e  a  5,  7  (mod  g)# 

Assume  there  exist  Integers  1^,  Vl,  and  z  that 
satisfy  (3^).    Then  u1(  vlf  and  e  must  satisfy 

1  ■  -  _Q.q2u^  (mod  ©) . 


(36)  p2v?  .  .  nfl2„2 


But 


^^2ull    /  -_Q-  \     /-  2 


5"r  \— /■  -  *• 


since  0  a  5,  7  (mod  0) .    Hence  (36)  has  no  primitive  solution 
(-  nq2u2,e)  .  lf    Slnce  (n>0)  #  x         ,  ^  v 

I        J  1,  there 
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exists  an  odd  prime  factor  q^  prirae  to  n  and  dividing  0  to 
an  odd  power  such  that  (^j=  _  fa    Therefore  ^  ^ 


811(1  °*e  E  5,  7  (mod  g).    Hence  by  assumption 
(37)  P2yl    s  -  n(qUl)2  (mod  q^) 

has  a  solution  with  ( fl^)  =  1  and  (-  jrKqu^.q  )  >  1# 
Therefore  q^  divides  ^  and  hence  %  divides  ^  so  that 
(22)  holds  when  u  and  P<j  are  replaced  by  U]L  and  q^ 
respectively.    By  (35)  with  q  s  5  (mod  g),  ^  ,1  q  slnoe  lt 
has  been  shown  that  z  J<  0  (mod  q).    When  q  ■  1  (mod  g) , 
<!«  H  q  since  q.  •  5,  7  (mod  8).    Also  q#  ^  Pf  slnce  p  ■  l, 
3  (mod  g),  so  that  (23)  holds  when  u  and  pe  are  replaced  by 
ul  and  qd  respectively.    Therefore  (q^,z)  m  it  slnoe  by  (5) 
%  would  divide  x  and  y  which  contradicts  (x,y,z)  «  1. 

If  <le  divided  both  /°  and  <T  it  would  divide  pqy 
and  .QAz  which  has  3ust  been  found  to  be  impossible.  Henoe 
<!*  occurs  to  an  even  power  in  the  left  member  of  (3^)  and  to 
an  odd  power  in  the  right  member,  which  is  impossible. 
Hence  (36)  has  no  primitive  solution  and  Lemma  3.3  is  true. 

5.    Theorem  2.3.    if  n*  and  A'  are  odd  squares, A  ■ 
is  an  odd  power  of  2  and  A-  is  an  even  power  of  2  such  that 
A"  >  64,  if  p  and  q  are  distinct  primes  and  prime  to  d,  with 
P  ■  1,  3  (mod  g)  and  q  a  1  (mod  4),  and  if  each  of  the 
characters  with  respect  to  CI  and  the  characters  with  respect 
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to     and  g,  when  they  exist,  have  the  value  one,  then  there 
exist  genera  of  properly  primitive  positive  ternary  quadratic 
forms  f  -  p2x2  +  ^q2y2  +  oz2  +  2nr»yz  +  2bxz,  with  properly 
primitive  reciprocals,  containing  at  least  two  classes  with 
an  almost  charaot eristic  of  the  third  kind. 

For  f  of  Lemma  1.3  define  f  1  -  f  when  b  =  -Cq2, 
P  s  5q,  7^  (mod  2)  and  f 2  =  f  when  b  m  XI q2,  p  ■  q,  3q  (modg).* 
For  fx  and  f2  take  a  =  p2,  p  ■  if  3  t  =  0,  and  then 

s,  r1,  and  c  are  determined  as  in  Lemma  1.3. 

Prom  Lemma  1.3  it  is  seen  that  =  /  c   |  m  n 

depends  only  upon  A  so  that  f^  and  f2  belong  to  the  same 
genus  of  forms.    By  Lemma  3.3  f,  represents  primitively  no 
JlY2  where   X  e  if  3  (mod  g)  and  fg  represents  primitively 
no  fly2  where  ">  e  5,  7  (mod  g) .    Therefore  the  genus  con- 
taining      and  f2  contains  at  least  two  classes  since 
and  f2  do  not  belong  to  the  same  class  for  there  exists  no 
odd  square  multiple  of  _0_  represented  primitively  by  both 
and  fg,    Sinoe  £1  and  A  may  have  different  values  subject  to 
the  restrictions  Imposed  upon  them  in  the  hypothesis,  It 
follows  that  genera  of  properly  primitive  positive  ternary 
quadratic  forms,  with  properly  primitive  reciprocals,  con- 
taining at  least  two  classes  of  forms  having  an  almost 
characteristic  of  the  third  kind  exist,  where  b  m  nq2, 
P  ■  fir',  t  =  0,  and  =1. 


-  31  - 

6.    Example  1.3.    Let  f  =  p2^  +  OqV  +  oz2 
+  2ar»yz  +  2sxz,    Q  ■  g  and  A  ■  g.    Let  p  =  5  and  q  =  3. 

Then  s  =  2,  r1  =  2  and  c  =  ^.  Therefore 

f-L  =  25X2  +  72T2  +  ^z2  +  32yz  +  kxz. 
The  transformation 


reduces  f^  to 

f-j  -  ^X2  +  gY2  +  17z2  -  2XZ. 
Hence  by  Lemma  3.2  the  class  of  forms  represented  by  f^ 
represents  primitively  no  T'2  where  7§  1,  3  (mod  g). 
Therefore  this  class  possesses  an  almost  characteristic  of 
the  second  kind. 

Now  take  p  =  17.    Then  s  =  5,  r»  =  1  and  c  =  1. 
Therefore 

f2  =  2g9x2  +  723T2  +  z2  +  l6yz  +  lOxz. 
The  transformation 

/   0       0      -1  \ 

0-1-5 

\  -l      g  fc5  / 

reduces  f„  to 

f ^  =  X2  +  gY2  +  Skz2 

Hence  by  Lemma  3.2  the  class  of  forms  represented  by  f^ 
represents  primitively  no  -y2  where  7  (mod  g). 
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Therefore  this  class  possesses  an  almost  characteristic  of 
the  second  kind. 

The  characters  exist  with  respect  to  k  and  g; 


Hence  these  two  classes  of  forms  are  in  the  same  genus. 

Example  2.3.    Let  f  =  p2x2  +  ilq2y2  +  022 
+  2nr»yz  +  2sxz,  jH_  -  2,  and  A  =  6k.    Take  p  =  3  and  q  -  5. 
Then  s  =  1,  r'  -  2,  and  o  =  1.    Therefore       =  9x2  +  50y2 
+  z2  +  gyz  +  2xz. 
The  transformation 


reduces  ^  to 

f 3  =  X2  +  £Y2  +  3te2  -  gYZ. 
Hence  by  Lemma  3.2  the  class  of  forms  represented  by  f^ 
represents  primitively  no  2T2,  where  y  ■  1,  3  (mod  g) . 


Therefore  f-j  possesses  an  almost  characteristic  of  the 
third  kind. 


-  33  - 

Now  take  q  =  17.    Then  s  =  k,  r'  ■  5,  and  o  =  2. 
Therefore  fg  -  9x2  +  57^  +  2z2  +  20yz  +  £xz. 
The  transformation 

I  1  0-20 
0  0-1 
-2       1  1*5 

reduces  f2  to 

f ^  ■  X2  +  2Y2  +  12&22. 
Henoe  by  Lemma  3.2  the  olass  of  forms  represented  by  f^ 
represents  primitively  no  2  y2  when  <y*  5,  7  (mod  g). 
Therefore       possesses  an  almost  characteristic  of  the 
third  kind. 

The  characters  with  respect  to  k-  and  g  which  exist 

are: 


25 '9/  \2S9»9 

lilF?)  =  ( 2S9-9 
Hence  the  two  classes  of  forms  are  in  the  same  genus. 


CHAPTER  IV 

THE  FORM  f  ■  ax2  +  2Hq2y2  +  cz2  +  2jQr'yz  +  2sxz  WHERE  THE 
INVARIANTS  SI  AND  A  CONTAIN  AT  LEAST  ONE  COMMON  ODD 
PRIME  FACTOR  TO  AN  ODD  POWER. 

1.    Lemma  lA.    Let  SI*  =  D2  p     and  A*  =  A2p  ^ 
where  H.^  and  A|  are  the  largest  squares  dividing  SI*  and  A' 
respectively.    Then  P.     Is  the  common  factor  of  fi*  and  A1 
which  is  an  odd  prime  or  a  product  of  distinct  odd  primes. 
Let  AH  =  1  and  let  XI"  be  an  odd  power  of  2  such  that 
Sln  >  32.    Let  p  and  q  be  distinct  odd  primes  and  prime  to 
the  determinant  d,  with  p  5  l  (mod  k) .    Let  /  <M  _  /zJLA=i 

Let  the  characters  with  respect  to  Si  and  the  characters  with 
respect  to  k  and  g,  when  they  exist,  have  the  value  one. 
Then  a  properly  primitive  positive  ternary  quadratlo  form 

f  =  ax2  +  2flq2y2  +  cz2  +  2Q.r'yz  +  2sxz 
exists,  having  a  properly  primitive  reciprocal  F,  in  case 
p/ua  5  1  *mod  ^»         3X1  improperly  primitive  reciprocal  F, 
in  case  P^  ■  3  (mod      .    Moreover  f%,  j=  ^|_^  for  each  odd 
prime  factor  qA  of  A. 

Take  a  -  1  or  p2,  b  =  2/lq2,  r  =  i>r_J  and  t  =  0. 

The  characters  f  ~  1  \  -      .  /  2  \         -  /  a  \ 

\~  /  \a  /  *  =  1  for  each  odd 

prime  factor  p  of  SI .  From  the  definition  of  a  cof actor  of 
an  element  of  d,  C  =  2aq2  so  that  ( F  \  -  /jM 
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Prom  the  expression  for  the  determinant  d  of  f  there 
is  obtained 

(3*)  aA  -  2q2s2  ■  _f>A 

where 

(39)  A  -  2q2c  -  nr'2. 

Hence  A  is  even  so  that 

ikO)  q2s2  .  .  *  ^ 

2  J" 

Therefore  with  a  ■  p2, 

(^)  s2  s  -  (mod  p2) 

where 

^2)  <*.\  s  1  (mod  p2)# 

The  character 

since  p  s  1  (mod  ^)  and  is  an  even  power  of  2.  Hence 

(^1)  has  a  solution  when  s  is  odd.    The  value  of  ^  is  given 

.  2 
by  (40).    Prom  (to)  1  a  0  +  -  (mod  g) .    Hence  A  is  not  a 

multiple  of  k-. 

♦  Prom  (39)  there  is  obtained 

(^3)  r»2  a  -A   n    (mod  q2) 

2  d 

where 

W  -^n2  s  1  (mod  q2). 

Prom  (3g)  note  that  a|  5  ^  (mod  q2)  # 


Then 
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-AO  v       -aAjft  .     /-aAn2X  2p 


P 

-0^ 


x  q 

Therefore  the  congruence  (^3)         a  solution.    Also  the 
value  of  P1  is  taken  odd.    Then  the  value  of  o  Is  given  by 

(39). 

Since  (a,2ijq2)  ■  1,  f  Is  properly  primitive,  and 
since  (2)  holds  f  is  positive. 

It  must  be  shown  that  Q  is  the  greatest  common 
divisor  of  the  cofaotors  of  the  elements  of  d.  The  00- 
factors  are 

fl A  =  2_Qq2o  -  n2r,Z 
Q.B  =  ac  -  s2 

flC  ■  2-O.aq2 
HH  ■  -  a^r1 

SIS  «  -  2^q2« 

nn  =  ilr's. 

It  is  seen  that  all  the  elements  of  the  determinant  of  F 
are  integers  with  the  possible  exception  of  B.    From  (^0), 
the  fact  that  s  was  taken  odd,  and        >  32  it  is  seen  that 

'  —51  (mod  g) . 

From  (39)  it  follows  that 

(47)  i  .  A      n  .2 

2  ■  q  0  "  1»  • 
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By  (^7),  W)  and  a*  >  32  it  follows  that  o  ■  1  (mod  g). 
Henoe  s2  ■  ao  (mod  n")  has  a  solution  for  s  so  that 

_Q_'B  ■  ao  ~  8    is  an  Integer  for  the  given  values  of  a  and 

ii 

n"  and  the  predetermined  values  of  o  and  s.    Henoe  If  B  is 
rational  and  not  an  integer  its  denominator  must  divide  d!  • 
Prom  the  expression  for  the  determinant  of  d 

2A2q2B  -  aa2r»2  -  a2 A 

so  that 

M)  2q2B  =  ar»2  +  A 

where 

ar'2  +  A 

is  an  integer.    Therefore  the  denominator  of  B  must  divide 
2q2.    But  (2q2,/V)  ■  1.    Therefore  B  is  an  integer. 

Suppose  the  coefficients  of  P  have  a  common  divisor 
(T .    Then  ,T  divides  both  C  =  2aq2  and  -OA2.  But 
(2aq2,  OA2)  -  2.    Hence  ^"divides  2.    But  (T  must  divide 
r  =  -  ar'  and  R  is  odd  since  r»  was  taken  odd.  Therefore 

1  and  P  is  primitive.    Henoe  il  is  the  greatest  common 
divisor  of  the  cofaotors  of  the  elements  of  d. 

Prom  2B  b  l  +  p      (mod  h) .    If  P     a  1  (mod  M 

then  B  s  1  (moa  2),  and  P  is  properly  primitive.  If 
PAA*3  (mo<i  *0.  then  B  e  0  (mod  2),  and  P  is  Improperly 
primitive.    Hence  Lemma  1.^  is  true. 
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2.    Lemma  2  A.    Let   a1  =  and  a»  ■  A?P 


where  J\£  and  a|  are  the  largest  squares  dividing  n!  and 


A1  respectively.    Let  p  and  q  be  distinct  odd  primes  and 


Let  d"  be  an  odd  power  of  2  greater  than  or  equal  to  128, 
and  let  AM  =  1.    Let  Tbe  odd,  positive,  and  prime  to  pqflA. 


If  f  =  yd  has  a  primitive  solution  (x,y,z),  then 
u,  v,  and  z  can  have  no  common  prime  factors  exoept  p  and  q. 
For  suppose  an  odd  prime  g  divides  u,  v,  and  z  and  is  prime 
to  p  and  q.    Then  by  (5)  g  divides  x,  y,  and  z  and  the 
solution  is  not  primitive.    If  2  divides  u,  v,  and  z,  then 
2  divides  x  so  that  f  is  even.    But  f  ■  7  2  is  odd. 


prime  to  d  with  p  s  i  (mod  . 


=  -  1,  p  does  not  divide  z,  since  f  =  72, 


z  a  o  (mod  p)  Implies 


"Y    a  2-aq2y2  (mod  p) . 


The  character 


Prom  A)  there  is  obtained,  with  a  -  p2  and  f  m  T  2, 
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p2q2-72  =  (qu)2  +  ja  (      )2  +  n^z2 

2       1  2 

so  that 

(50)  (qu)2  +  (pVl)2  =  (pqr)2  „ 

Then 

(5D  (qu)2  +         (pVl)2  „ 

where  ^  =  pq?  +    ^21  A  z 

(52)  £T  ■  pqr  -  z. 

Take  0  ■  P  or^.    Then,  as  in  Lemma  2.2,  0  is 
greater  than  zero.    Also  from  (52),  ©  «  1  (mod  g)  when 
7"  pq  (mod  g). 

Assume  there  exist  integers  u,  r,,  and  z  that 
satisfy  (51),  then 

^53)  (qu)2  ■  _  Jl.  (pV;L)2  (mod  ©)# 

If  (-y-  (pvx)2,  o)  -  i,  then 
"T-  (pv-,)^  \     /     -5-\  / 


since  either  P     ■  3  (mod  H-)  or  0  ■  1  (mod  B) . 
Prom  (52), 

Henoe  there  is  no  solution  to  the  oongruenoe  (53). 

Since  (-~J-  -  1  and(il,  Q)  =  lf  there  exists  an 
odd  prime  factor  pft  prime  to  &  and  dividing  ©  to  an  odd 

power  such  that  -  1.    Henoe  by  assumption 


-  to.  - 

(5*0  (Qu)2  ■  -  4  (PV!)2  (mod  p.) 


has  a  solution  when 


Tf  (Pvl)  /  Pe)  >  1.    Henoe  p^  divides 
pv^  and  therefore  must  divide  qu.    Prom  (52)  it  is  seen  that 

lf  =  ~  1»  then  p©     P  sinoe  it  has  been  shown  z  ^  0 


(m°dpK     If(^")B    Xf  P*  *  P  slnoe(~-)<"  -  1.  Also 
P    ^  q  sinceL-L\  =  1.    Henoe  (23)  holds. 

By  an  argument  similar  to  that  in  Lemma  2.2, ,1$ 
follows  that  (pe,  z)  =1,  and  that  congruences  (5*0  and 
(53)  have  no  solutions.    Hence  there  exists  no  primitive 
solution  of  f  =  72.    Therefore  Lemma  2,k  is  true. 

3.    Theorem  lA,    Let  D*  -    Q^x^  and  A4  ■  A2P^ 
where  -O2  and  A2^  are  the  largest  squares  dividing  IV  and  A1 
respectively.    Let  P    ,   il",  A",  p,  q,  and  y  have  the 
properties  as  in  Lemma  2»^.    Let  the  characters  with  respect 
to  J\,t  Bnd-  the  characters  with  respect  to  ^  and  g,  when  they 
exist,  have  the  value  one.    Then  there  exist  genera  of 
properly  primitive  positive  ternary  quadratic  forms 

f  *  p2x2  +  2^q2y2  +  oz2  +  2nr«yz  +  2sxz 
containing  at  least  two  olasses  of  forms  with  an  almost 
characteristic  of  the  second  kind,  and  whose  reciprocal 
forms  are  properly  or  improperly  primitive  aocording  as 
Prt      s  i  or  3  (mod  k), 

Por  f  of  Lemma  1.4-  take  a  =  p2  and  define  f^  =  f , 

Wh6n  (fe)  "  "  1  ***  *2  S  f '  Wh6n  (^t)=  U    P°r  fl  f2 


-  ia-  - 

take  b  ■  2Hq2,  r  *  Xlr',  t  =  0,  and  then  determine  s,  rt 

and  c  as  In  Lemma  Prom  Lemma  1.^--— - — j  =  x  depends 

only  upon  A  so  that  f\  and  fg  belong  to  the  same  genus  of 

forms.    By  Lemma  2.JJ-,  f  1      y2 ,  when  / \  =  -(-^-  )=  1,  and 

Therefore  the  genus  containing  f-  and  fgf  contains 
at  least  two  classes  since  there  is  no  odd  square  represented 
primitively  by  both       and  fg. 

Because  n  and  A  may  have  different  values  subject 
to  the  restrictions  placed  upon  them  in  the  hypothesis,  it 
follows  that  genera  of  properly  primitive  positive  ternary 
quadratic  forms  containing  at  least  two  classes  of  forms 
possessing  an  almost  characteristic  of  the  second  kind 
exist,  and  whose  reciprocal  forms  are  properly  or  improperly 
primitive  according  as  Pn^  a  i  0r  3  (mod  k) . 

4.    Example  1.1J-,    Let  S)~  =        and  A  «  3.  Then 
Pn^=  3.    Take  p  =  5  and  q  =  7,  then  |jL_j  .  f"  =  lf 

yf)  °  ~  (f )  "  l<  and  odd  ^  s  1  *mod  " '  Hence  8  a  "  1» 

A  =  50,  r«  -  -  27,  and  c  =  2^57.    Therefore  fx  =  25x2 
+  37^32y2  +  2«57z2  -  20736yz  -  2xz. 
Now  take  p  «=  13,  then 

odd  V  ■  2  (mod  3).    Henoe  s  =  71;  a  =  2930,  r»  =  -  33,  and 
c  -  lJ-297.    Therefore  fg  =  169X2  +  37^32y2  +  ^297z2  -  253^-yz 


-  (il )  =  .  1  and 


+  1^2xz. 

The  oharaoters 


It  follows  that  f^  and  are 
same  genus  and  each  possesses 
second  kind. 


in  different  classes  but  in  the 
an  almost  characteristic  of  the 


CHAPTER  V 

THE  FORM  f  -  ax2  +  20q2y2  +  oz2  +  2Ar'yz  +  2sxz  WHERE  THE 
INVARIANTS  XI  AND  A  CONTAIN  NO  COMMON 
ODD  PRIME  FACTOR  TO  AN  ODD  POWER 

1.    Lemma  1.5.    Let  0.  '  and  A'  be  odd  squares,  n* 
be  an  even  power  of  2  such  that  JV  >  ^  and  A"  ■  2.    Let  the 
characters  with  respeot  to  XI  and  the  characters  with 
respeot  to  k  and  g,  when  they  exist,  have  the  value  one. 
Let  p  and  q  be  distlno$  odd  primes  and  prime  to  the  deter- 
minant d  with  p  ■  1  (mod  k)  and  q»l,  }  (mod  g).  Then 
properly  primitive  forms  f  and  F  exist  for  whioh  a  ■  1  or  p2 
and  b  =  2X)q2.    Moreover  / —  1  =  (  iL \  for  eaoh  odd  prime 
factor  q^  of  A. 

Take  a  =  1  or  p2,  b  ■  2 OA2,  r  =  QJ?*  §         t  «  0, 
The  character        j  =  1  for  each  odd  prime  factor  J3    of  il, 

A180  (^-^J  =  1  =  (f )'    From  fche  definltlon  of  a  oofaotor  of 
an  element  of  d,  C  =  2aq2  so  that  {LJj  m  ^Ljj  = 


-)  ,  ,  . 

q^/     \<u/  ^ 

'    From  (Ifl)  the  character  /^Aql\ 

2 


-  1 


V    p     /  P     /      \  p 

*  1,  since  pel  (mod  k) .    Hence  has  a  solution  for  s. 

Also  s  is  taken  odd.    Then  the  value  of  A  is  given  by  {ko) . 

2 
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From  (39)  with  r1  ■  2^  there  is  obtained 

(55)  *f  ■  -  AA,  (mod  q2) 

x  2 

where 

(56)  2aO,g  b  1  (mod  q2). 

Prom  (4o)  aA  H  XV A  (mod  q2)  so  that  with  (56) 
2  2 


Cf  )-f{) 


*  1,  sinoe  q  ■  1,  3  (mod  g) •    Therefore  the 


congruence  (55)  has  a  solution  and  the  value  of  o  is  given 
by  (39). 

Sinoe  (a,2Aq2)  ■  1,  f  is  properly  primitive,  and 
sinoe  (2)  holds,  f  is  positive. 

It  must  be  shown  that       is  the  greatest  common 
divisor  of  the  cof actors  of  the  elements  of  d.    By  the 
expressions  for  these  oofactors,  namely* 

_O.A  =  2Hq2o2-  k-D2i^ 

-O-  B  =  ao  -  s2 
D.C  =  2aHq2 


f)  E  =  -  2nar1 


(57) 

_0_S  m  -  2X1  q2S 

it  is  seen  that  all  the  coefficients  of  P  are  integers  with 
the  possible  exception  of  B.    It  is  also  seen  that  B  must  be 
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odd,  if  F  is  to  be  primitive. 

Prom  the  expression  for  d  there  is  obtained 
(53)  2q2B  =  W2  +  A»A",  r'  -  2^ 

so  that 

(59)  q2B  =  2arJ  +  A* 

is  an  odd  integer.    If  B  is  not  an  integer  its  denominator 
must  divide  q2.    But  flB  =  ao  -  s2,  so  that  the  denominator 
of  B  must  divide  Slnoe  (q2,£l)  =*  1,  B  must  be  an  integer. 

By  (59)  it  is  seen  that  B  is  also  odd. 

A  common  divisor  (p  of  the  coefficients  of  F  must 
divide  both  C  =  2aq2  and  HA2.    But  (2aq2fftA2)  _  2>  so  that 
CP  divides  2.    Also  CP  divides  B  an  odd  integer.  Hence 
J"  =  1  and  F  is  primitive.    Therefore  Ct  is  the  greatest 
common  divisor  of  the  cofactors  of  the  elements  of  d. 
Since  (A,B,C)  is  odd,  F  is  properly  primitive.  Hence 
Oemma  1.5  is  true. 

2.    Lemma  2.5.    Let   fl'  and  A1  be  odd  squares,  _Q" 
be  an  even  poorer  of  2  such  that  ClH  >  6k  and  let  A"  =  2. 
Let  p  and  q  be  distinct  primes  and  prime  to  d.    Let  p  ■  1 
(mod  k)  and  q  ■  1,  3  (mod  g) .  Then 

f  =  p2x2  +  2nq2y2  +  oz2  +  2nr'yz  +  2sxz 
represents  primitively  no  y2  where  y  is  positive,  prime 
to  pqftA,  and  y  ■  5pq  or  7pq  (mod  g). 

If  f  =  y  2  has  a  primitive  solution  (x,y,z) ,  then  u, 
v,  and  z  can  have  no  common  prime  faotors  except  p  and  q. 
This  follows  by  an  argument  Identical  to  that  of  Lemma  2 A. 


If  p  ■  5  (mod  g),  p  cannot  divide  z  since  f  ■  ^2t 
z  ■  0  (mod  p)  Implies 

(60)  r2  ■  2i)q2y2  (mod  p). 


But 


|  —  j  =  -  1.    Hence  the  congruence  (60)  has  no 


\     P      /  Vf 

solution  and  p  does  not  divide  z.    From  (4)  and  (5)  with  a  =p2 

and  f  =  /2 

p2q2  Y2  m  +  2np2v|  +  ^z2f  v  ■  2D.r2 

and  henoe 

(61)  (qu)2  +  2A(pv2)2  =  (pq7)2  -  ^Az2 
so  that 

(62)  (qu)2  +  2.Q(pv2)2  = 
where 


(63)  =  pqr  +  \jfi*z 


2 

<T  -  pqr  -  \|pAz. 
Take  ©  =       or      .    Now  J~  and  (°  have  the  same  sign 
since  the  left  member  of  (62)  is  positive.    But  P  + 
m  2pq7  >  0,  therefore  0  >  0. 

Assume  there  exist  integers  u,  vlf  and  z  that 
satisfy  (6l).    Then  u,  v'^,and  9  must  satisfy 
(6*0  (qu)2  ■  -  2A(pv2)2  (mod  ©) . 

By  (63)  ©  s  pqy»  5  or  7  (mod  g),  so  that 

/-2XI(pv2)2\     /-an\  /-2' 


\        ©       /    \   ©   /    V  © 

Hence  (64)  has  no  solution  if  (2-0-(pvp)2f©)  ■  lf  with 
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(2ft,©)  =  1  and  f"  |£M  =  -  1.    Hence  there  exists  an  odd 
prime  factor  pe,  prime  to  2  CI  ,  and  dividing  ©  to  an  odd 
power  such  that  I"  2^M  =  -  1,    Therefore  /-  2  \  „     i  ana. 

\  p.  /  \  p.  / 

pe  B    5i  7  (mod  g).    Hence  by  assumption 

(65)  (qu)2  s  -  2a(pv2)2  (mod  p#) 

has  a  solution  with  (2Q,Pe)  =  1  and  (-  2n(pv2)2,p0)  >  1. 

Therefore  p^  divides  pv2  amd  fcenoe  pe  divides  qu  so  that  (22) 

holds.  With  pa  5  (mod  g) ,  p©  ^  p  since  it  has  been  shown 

z  0  0  (mod  p),  and  with  p  ■  1  (mod  g),  p^     p,  since  p«  s  5, 

7  (mod  g).    Also  Pe  ^  q  since  q  a  1,  3  (mod  g).  Therefore 

(23)  holds.    Hence  (pe,z)  =  1  and  the  congruences  (64)  and 

(65)  have  no  solution  by  an  argument  similar  to  that  of 

Lemma  2.2.    Therefore  Lemma  2.5  is  true. 

3.    Theorem  1.5.    Let   CI*  and  A1  be  odd  squares,  O." 
be  an  even  povrer  of  2  such  that  £1*  >  64  and  A"  =  2.  Let 
the  characters  with  respect  to  CI  and  the  characters  with 
respect  to  4  and  g,  when  they  exist,  have  the  value  one. 
Let  p  and  q  be  distinct  odd  primes  and  prime  to  the  determ- 
inant d,  and  let  p  ■  1  (mod  4)  and  q  »  1,  3  (mod  g).  Also 
let   Cl  and  A  oontain  no  common  odd  prime  factor  to  an  odd 
power.    Then  there  exist  genera  of  properly  primitive 
positive  ternary  quadratic  forms 

f  =  p2x2  +  2flq2y2  +  oz2  +  2Hr»yz  +  2sxz, 
with  properly  primitive  reciprocals  P,  containing  at  least 


two  classes  of  forms  with  an  almost  characteristic  of  the 
second  kind. 

For  f  of  Lemma  1,5  define  f ^  m  f  when  a  =  p2  and 
P  !  1  (mod  g)  and  f  2  =  f  when  a  ■  p2  and  p  »  5  (mod  g) .  For 
fx  and  f2,  take  b  =  2Hq2,  r  =  2jQrlt  t  -  0,  and  then  deter- 
mine s,  r,  and  c  as  in  Lemma  1,5*    From  Lemma  1.5  it  is  seen 

that  (  — }  o  ( £- ]  m  depends  only  upon  A  so  that  fi  and 

W     \<W  \<W 

f2  belong  to  the  same  genus  of  forms.    By  Lemma  2.5  f^  repre- 
sents primitively  no  ^2  where  y  ■  lt  3  (mod  g)  and  f2  repre- 
sents primitively  no  y2  where  y  •  5»  7  (mod  3)  •  Therefore 
the  genus  containing  f^  and  f2  oontains  at  least  two  classes 
since  f^  and  fg  do  not  belong  to  the  same  class,    for  there 
exists  no  odd  square  represented  primitively  by  both  f^  and 
f2.    Since  SI  and  A  may  have  different  values  sufcjeot  to  the 
restrictions  imposed  upon  them  in  the  hypothesis,  it  follows 
that  genera  of  properly  primitive  positive  ternary  quadratic 
forms  containing  at  least  two  classes  exist  possessing  an 
almost  characteristic  of  the  second  kind. 

^.    Example  1.5.    Let  Si  =  64-  and  A  =  2.  Take 

p  -  17  and  2=3.    Then  s  =  5,  A  =  2,  r*  =  2rx  ■  22,  and 

c  =  1721.  Therefore 

fx  =  2S9*2  +  1152y2  +  1721z2  +  563 2yz  +  102xz 

represents  primitively  no  Y  2  where  Y  ■  1,  3  (mod  &) . 

Hence  f^  possesses  an  almost  characteristic  of  the  second 

kind. 
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The  characters 


Hence  f1  and  f2  are  in  the  same  genus  of  forms. 


CHAPTER  VI 

THE  FORM  f  =  ax2  +  knq^y2  +  cz2  +  2Xlr!yz  +  2sxz  WHERE  T^ffi 
INVARIANTS  O  AND  A  CONTAIN  AT  LEAST  ONE  COMMON  ODD 
PRIME  FACTOR  TO  AN  ODD  POWER. 

1.    Lemma  1.6.    Let  XX1  =  _Q2p     and  A*  =  A2R 

J.  ri-  ^  ]_7)_  ^ 

where  O-2  and  A2  are  the  largest  squares  dividing  CV  and  A' 
respectively.    Then  P    is  the  common  factor  of  D.1  and  A* 
which  is  an  odd  prime  or  a  product  of  distinct  odd  primes. 
Let  the  characters  with  respeot  to  k-  and  g,  when  they  exist, 
have  the  value  one.    Let  p  and  q  be  distinot  odd  primes  and 
prime  to  the  determinant  d.    Let/  5,   j  ■  j,  and  let  P^  ,   q*  , 
A",  p  and  q  have  the  properties  as  listed  for  the  particular 
oases  in  Table  k-  on  page  51, 

Then  a  properly  primitive  positive  ternary  quad- 
ratio  form  f  exists  for  which  a  =  1  or  p2,  b  ■  ^O.q2, 
r  ■  fir*,  and  t  m  0.    Further,  the  reciprocal  form  F  is 
properly  primitive  in  all  cases  except  in  cases  1  and  5  with 
P^  ■  7  (mod  S)  when  it  is  improperly  primitive.  Moreover 
/F  \ 

—  \  ■  1  for  each  odd  prime  factor  q    of  A, 


,q 


To  show  the  existence  of  f  take 


a  *  1  or  j*2,  b  «  ^oq2,  *  m  £i**:$  and  t  ■  0, 

Also 


(4)"l-(f)ff,4(^ 

for  each  odd  prime  factor  of  p  otJ\. 
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-CI- 
TABLE k  ' 


Case 

P^  = 
it  a 

(mod  if) 

Power 

of  2 

1  ' 

a1  J  a- 

p  s 

q  S 

Q" 

A" 

1 

3 

even 

even 

>6k]  l 

>64 

1 

[mod 

*) 

•  •  • 

2 

3 

even 

even 

=  i;>i6 

>i6 

1 

[mod 

•  •  • 

3 

3 

even 

even 

>  V;>i6 

>6^ 

1 

[mod 

! 

•  •  • 

k 

3 

odd 

odd 

>16 

1 

[mod 

l,7(mod  g) 

5 

3 

odd 

evenj  >321  =  1 

>32 

1,3 

[mod 

g) 

•  •  • 

6 

3 

odd 

even 

>  2|>16 

>32 

1,3 

[mod 

g) 

•  •  • 

7 

3 

even 

odd 

>  lfj>  g 

>32 

1,3 

[mod 

g) 

l,7(mod  g) 

8 

even 

odd 

-  1  >  g 

>  g 

,  moo. 

g) 

l,7(nod  g) 

9 

l 

even 

even 

1 

[mod 

*>! 

1 

(mod  k-) 

10 

l 

even 

even 

>  *Ufi 

1 

[mod 

* 

1 

(mod  10 

11 

l 

odd 

odd|>  2  >  g 

>16 

1 

[mod 

1 

(mod  g) 

12 

l 

odd 

even 

!>  2>l6 

^52 

1,3< 

[mod 

g) 

1 

(mod  k) 

13 

l 

even 

odd 

j>  *H>  g 

,>32 

i,3< 

[mod 

1 

(mod  g) 

14 

l 

even 

odd|=  1  >  g 

i 

i>  g  5 

l,3< 

mod 

( 

(mod  g) 

From  the  definition  of  a  oofaotor  of  an  element  of 
d,  C  -  W2  so  that  ^|Jj  =  i&  \  m  1#    From  the  expression 
for  d  there  is  obtained 

(66)  aA  -  H^b2  m  nA 
where 

(67)  A  =  4q2o  -  fir*2. 
Prom  (66)  it  follows  that 


(6£)  s2  ■  -  Tl»  (mod  p2) 


where 


(69)  q^  a  1  (mod  p2) . 

The  quadratic  character 


2„  \      /    o  a\     /  .p_.  "A" 


—  h  1. 

P     '        \  P 

since  p  B  1  (mod  ^) ;  and  for  oases  5,  6,  7,  g,  12,  13,  and 

1^9   ^       p         I      ^"""j"  1'    Sln0e   P  *  1*    ^(mOd  Hen0e  thQ 

congruence  (63)  has  an  integral  solution  for  s,  and  the 
integral  value  of  A  given  by  (66)  is  a  multiple  of  but 
not  of  g,  when  s  is  chosen  odd. 

Consider  oases  1  and  5,    It  is  seen  from  (67)  that 

(70)  A  m  q2o  .  ^i. 

It  follows  from  (70)  that 

(71)  r»2  B  -  £^-2(mod  q2) 
where 

(72)  B  1  (mod  q2) 

has  a  solution  for  odd  r*  sinoe,  noting  from  (66)  that 


-  ^  - 

(73)  aAH^A  (nodq2)f 


?  \ 


Hence  the  value  of  o,  given  by  (70),  is  odd. 

Consider  all  oases,  not  1  and  5.  Let 
(7*0  r«  =  2r1# 

Then  from  (70)  it  follows  that 

(75) 

and 

(76)  r? 


ff  ■  -  ^Jl3(mod  q2) 
where 

(77)  yi_A3  s  1  <mod  <l2). 

Prom  (73)  and  (77)  the  quadratic  character 


Hence  (76)  has  a  solution  for  rx,  which  is  taken  odd,  and 
the  integral  value  of  c  is  given  by  (75). 


*  5*- 

For  all  oases  1  -  lk,  (a^Hq2)  =1,  f  is  properly 
primitive,  and  since  (2)  holds  f  is  positive. 

It  must  be  shown  that  SI  is  the  greatest  common 
divisor  of  the  cofactors  of  the  elements  of  d.    By  the 
expression  for  the  cofactors  of  a,  c,  r,  s,  and  t  with 
t  =  0,  it  is  obvious  that  in  all  oases,  A,  C,  R,  S,  and  T 
are  integers.    Also  SlB  is  given 
(72)  X1B  -  ao  -  s2. 

For  oases  1  and  5,  it  is  seen  from  (66)  that  £  b  1 

(mod  g).    From  (70)  it  follows  that  1  ■  o  (mod  g) ,  Hence 
86  b  1  (mod  g)  so  that  s2  ■  ao  (mod  si9)  has  a  solution. 

Therefore  n«B  »  ao  -  s2  ls  an  integer  for  the  given  values 

O" 

of  a  and  Q.*  ant  the  predetermined  values  c  and  s.  Hence  if 
B  is  rational  and  not  an  integer  its  denominator  must  divide 

SI* •    From  d  there  is  obtained 
(79)  l*n2q2B  -  aa2r'2  *  a2A 

so  that 

(30)  4q2B  -  ari2  +  A 

where  ar'2  +  4  ls  an  integer.    Therefore  the  denominator  of 
B  must  divide  4q2.    But  (4q2,n.')  ■  1.    Hence  B  is  an  integer 
for  the  cases  1  and  5. 

In  all  other  cases  there  is  obtained  from  d 

(^1)  ^Xl2q2B  -  l^2r2  .  a2A 

so  that 

(82)  q2B  -  ar?  +  A 
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where  ar2  +  A  Is  an  integer.    Henoe  the  denominator  of  B 

divides  q2.    But  the  denominator  of  B  divides  XI  slnoe 
OB  =  ac  -  s2  and  ac  -  s2  Is  an  Integer,    Therefore,  slnoe 
(<1  i-O.)  ■  1,  B  Is  an  integer  for  the  remaining  oases,  not  1 
and  5. 

For  oases  1  and  5  it  follows  from  (BO)  that 
(S3)  4B  -  1  +  P^  (mod  g) 

and  henoe  B  is  odd  or  even  according  as  P^  ^B  3  or  7  (mod  &) , 
Also  B  p  -  ar*  is  odd  since  r1  was  taken  odd.    From  (&3)  and 
the  expressions  for  the  oofaotors  of  a  and  cf  (A,B,C)  is  odd 
or  even  according  as  P     ■  3  or  7  (mod  B)  and  henoe  it 
follows  that  F  is  properly  or  improperly  primitive  aocording 
as  P        3  or  7  (mod  B) ,  provided  F  Is  primitive.    Let  (T  be 
a  oommon  divisor  of  the  elements  of  the  determinant  of  P. 
Then  <T  divides  both  C  -  4aq2  andJ^A2.    But  (Haq^ t /I  H2)  =k9 
so  that  dF  divides  4.    Also  (p  divides  R  =  -  ar'  an  odd 
integer.    Henoe  CT  ■  1  and  P  is  primitive. 

Por  all  oases,  not  1  and  5t  it  is  seen  from  (B2)  that 
B  is  odd  so  that  F  is  properly  primitive  provided  it  is 
primitive.    Let  6~ be  a  oommon  divisor  of  the  elements  of  the 
determinant  of  F. 

Then  £T  divides  both  C  -  ^aq2  and  AA2.    But  (4aq2,P,A2)  *  k, 
so  that  CT  divides  k-.    Also       divides  B  an  odd  integer. 
Hence  <p  -  1  and  F  is  primitive. 

In  all  oases,  not  1  and  5,  of  Table  \  where  A"  >  16, 
B  s  i  (mod  B).    Henoe  |-Jt|  «  X  «  ||]  • 


Hence  jzJLj  =  -  1  and  || 


Hence 
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In  cases  2,  3,  6,  9,  10,  and  12  with  A"  =  16, 
B  ■  5  (mod  g).    Hence  |zJL|  =  1  and  || j  =  _  1. 

In  oases  4,  7,  and  g  with  A"  ■  g,  B  ■  7  (mod  g) . 

=  1. 

In  cases  11,  13,  and  l4  with  A"  =  g,  B  a  3  (mod  g). 

rs*)—  ft)- 

Therefore  Lemma  1.6  is  true. 

2.    Lemma  2.6.    Let   n1  =  n?p^     and  A1  ■  A2p 
where  ^2         ^2  are  the  largest  squares  dividing   CV  and  A1 
respectively.    Let  ^  ,    ri" ,  A",  p,  and  q  be  defined  as  in 
Lemma  1.6.    Let  (JL_  |  -  1  and  let  odd  T'  >  0  have  the  values 

&  J 

as  listed  for  the  particular  cases  in 

TABLE  51 


Case 

w 

Power 

of  2 

A" 

n"A" 

P  B 

q 

s 

n « 

A" 

1 

3 

even 

even 

>  64 

=  1 

>  64 

l  (4) 

• 

.  • 

2 

3 

even 

even 

IB 

>  16 

>  16 

1  (4) 

• 

•  • 

3 

3 

even 

even 

>  4 

>  16 

>  64 

1  (4) 

• 

•  . 

4 

3 

odd 

odd 

>  2 

>  g 

>  256 

1  (g) 

1,7 

(S) 

pq 

5 

l 

even 

even 

=  1 

>  64 

>  64 

1  (4) 

1 

(4) 

pq 

6 

l 

even 

even 

>  * 

>  16 

>  64 

1  (4) 

1 

(4) 

pq 

7 

l 

odd 

Odd 

>  2 

>  « 

>  256 

I 

1  (g) 

1 

pq 

XIn  this  table  (4)  and  (g)  denote  (mod  4)  and  (mod  g) 
respectively. 
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d  (y,P<l-n-A)  "  1.    Then  f  of  Lemma  1.6 


represents  primitively  no  T2. 


Cases  1-4  of  Table  5  are  ldentloal  with  cases  1-4 
of  Table  4  respectively,  except  for  additional  restrictions 
upon  jQ"A"  and  upon  p  In  case  4.    Also  cases  5-7  of  Table  5 
are  identical  with  cases  9-11  of  Table  4  respectively, 
except  for  further  restrictions  upon  A",   n^A",  and  upon  p 
in  case  7» 

Now  in  oase  1  of  Lemma  1,6,  r1  was  taken  odd, 
whereas  in  cases  2-4,  and  oases  9-11  of  Lemma  1.6,  r1  ■  2r^ 
as  is  seen  by  (74)# 

If  f  ■  y2        a  primitive  solution  (x,y,z),  then 
the  faot  that  u,  v,  and  z  can  have  no  oommon  prime  factors 
exoept  p  and  q  follows  from  an  argument  similar  to  that 
given  in  Lemma  2.4. 


If  °  "       P  d°eS         dlVlde  Z  slnoe  f  = 

z  a  o  (mod  p)  implies 


The  quadratic  oharaoter 


-  <  g  - 

sinoe  p  s  i  (mod  k) .    For  cases  4-  and  7, 


-j.., 


since  p  h  1  (mod  2).    Hence  p  does  not  divide  z,  If 
p  \ 

—  1  =  -  1.  Consider  case  1.  From  (!*)  and  (5)  with  a  =  p2 
and  f  =  -y2  there  Is  obtained 


so  that 


(g5)  (qu)2  +        (pVl)2  =  (pqr)2  -  ilAz2 
and 

<«6)  (qu)2  +  J|.  (py^2  =  ^ 

where 

<g7)  =  pqr  +  i  n/5a». 

2 

<r-  pqr  -I  V^z, 

2 

Consider  all  other  oases  of  Table  5.    From  (*!•)  and  (5)  with 
a  ■  p2  and  f  =  y2  there  Is  obtained 
W)  p2q2  y2  .  qV  +  ap2v2  + 

where 

v  =  flv1  =  2Av2. 

Hence 

(*9)  (qu)2  +  n(pv2)2  m  (pqr)2  -  i^z2. 
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Then 

(00)  (qu)2  +  -a(pv2)2  =/V 

where 

(9D  (°  =  par  +  -  l/OAz 

2  ' 
2 

In  all  cases  take  0  =  (°  or  (f .   r  and       must  have  the  same 
sign  since  the  left  members  of  (*>6)  and  (90)  are  positive. 
Prom  and  (91),  P  +(P  ■  2pqy.    Hence  0  >  0  In  all 

cases. 

Assume  there  exist  two  sets  of  Integers  (u,v^fz) 
and  (u,v2>z)  which  satisfy  (#5)  and  (39)  respectively.  Then 
(u»vi,©)  and  <u,v2,©)  must  satisfy 


(92)  (qu)2  a  -  £L  (pV;L)2  (mod  G) 


and 

(93)  (qu)2  s  -    fl(pv2)2  (mod  ©) 

respectively. 

Consider  case  1.    From  (92)  the  quadratic  character 

z£L  (vr,)s\  I-  au  sL.  ....  . 


|  Tl^\      /  *   \  /pqy 


0  *  0  /      \    ©    /       \^-^/  \*a^ 

-  -  1. 

Hence  (92)  has  no  solution  with  fSL  (pv1)2>©)  =  i#  sinoe 

-a 
T 

■  -  1,  there  exists  an  odd  prime  faotor  p#t  prime  to 


not  divide  Q 


Therefore 


-  CO  - 

/-a 

,  and  dividing  ©  to  an  odd  power,  such  th*t(  I 
If  \    •    /  . 

Henoe  by  assumption 

(9*0  (qu)2  a  -  -IL.  (pVl)2  (mod  P<>) 

has  a  solution  when  (  JjL  (pv^2^  )  >  l,  and  since  pe  does 
-~  It  must  divide  pv1  and  henoe  must  divide  qu. 
(22)  holds.    When  |JLj=  .  i,  p<>  ^  p  slnoe  u  ^ 

been  shown  z  ^  0  (mod  p) .    When  /—)  -  1,  p       r,  sinoe 
/p#  \  (9l J 

\^T1/     "  l*    AlB0  p«  ^  q  slnoe  /  — \-  1.    Hence  (23)  holds. 

Therefore  (p^,z)  ■  1  and  the  congruences  (9*0  and  (92)  have 
no  solution  by  an  argument  similar  to  that  given  In  Lemma  2.2. 
Henoe  there  Is  no  primitive  solution  of  f  ■  y2  for  case  1. 

Consider  oases  2,  3,  5,  and  6.    Prom  (93)  the 
quadratic  character 


a" 


o/\       0       /    \  ©   /  \  © 

■  fe)  (f )  ■  m  ■  {&  - 

Henoe  the  congruence  (93)  has  no  solution  If  (-47 (pv  )2  C) 
=  1.  Since  — J  =  -  it  there  exists  an  odd  prime  factor 
Pe  prime  to  -Q  and  dividing  ©  to  an  odd  power  such  that 


-  1.    Hence  by  assumption 


-  6i- 

(95)  (qu)2  ■  -    a(pv2)2  (mod  p#) 

has  a  solution  when  (  a(pv2)2,  P9)  >  1,  and  since  p0  does 
not  divide  A  it  must  divide  pv2  and  therefore  divides  qu. 
Hence  with  vx  replaoed  by  v2,  (23)  holds,  and  an  argument 
identioal  with  that  given  for  oase  1  of  this  Lemma  shows 
there  is  no  primitive  solution  of  f  ■  y2  for  cases  2,  3,  5 
and  6. 

Consider  oases  k  and  7.    Prom  (93)  the  quadratic 
oharacter 

/-n(PT2)2\  /.  QfeA  ft> 

since  ©si  (mod  g) .  Therefore 

A\  _  /  ©  \  /pqr 


fa-  - 


Hence  (93)  has  no  solution  if  (^(pv2)2,©)  ■  1,    By  the 
preoise  argument  used  in  oases  2,  3,  5  and  6  f  =  7 2  has 
no  primitive  solution  in  these  cases.    Hence  Lemma  2.6  is 
true. 

3.    Theorem  1.6.    Let   n«  ■    Q?p     and  Af  =  A2p 

where  ^2  and  a|  are  the  largest  squares  dividing  n*  and 
A»  respectively.    Let  P^,    f£ ,  AM,  p,  q,  and  odd  y  >  0 
have  the  properties  as  listed  for  the  particular  oases  in 
Table  5.    Let  p  and  q  be  distinct  odd  primes  and  prime  to 
the  determinant  d,  with  L£L\  =1.    Let  the  characters  with 
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respect  to  A.  and  the  characters  with  respect  to  k-  and  &, 
when  they  exist,  have  the  value  one.    Then  there  exist 
genera  of  properly  primitive  positive  ternary  quadratic 
forms  f  =  ax2  +  *mq2y2  +  oz2  +  2flr,$B  +  2sxz,  with 
primitive  reciprocal  forms  F,  containing  at  least  two 
classes  of  forms  possessing  an  almost  characteristic  of  the 
second  kind.    Finally  F  is  properly  primitive  except  for  case 
1  in  Table  5  with        h  7  (mod  g),  when  it  is  improperly 
primitive. 

For  f  of  Lemma  1.6  take  a  =  p2  and  define  f  ^  =  f 

When  (p£t)  =  "  1         *2  =  f 9  Wh6n  =  l*    F0r  fl  and  f2 

take  b  »  ^Clq2,  r  ■  Qr»  and  t  =  0  and  then  a,  r»,  and  c  are 
determined  as  in  Lemma  1.6.    From  Lemma  1.6  lF  \~  1  depends 
only  upon  A  so  that  f1  and  fg  belong  to  the  same  genus.  By 
Lemma  2.6  f%  ft  r2  where  =  .  UL\m  lf  ^  f g  ^  y? 

~  "  |lT~~  }™  ~        Tnerefore  the  genus  containing 

and  f2  contains  at  least  two  classes  of  forms  since  there 
is  no  odd  square  represented  primitively  by  both       and  f2. 
Because  -O.  and  A  may  have  different  values  subject 
to  the  restrictions  imposed  upon  them  in  the  hypothesis,  it 
follows  that  genera  of  properly  primitive  positive  ternary 
quadratic  forms  f  =  ax2  +  ^D_q2y2  +  oz2  +  2Qr«yz  +  2sxz 
exist,  containing  at  least  two  classes  of  forms  possessing 


where  j. 
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an  almost  characteristic  of  the  second  kind,  where  ^_^>  1« 
Further,  the  reciprocal  forms  P  are  properly  primitive  in 
all  oases  exoept  for  case  1  in  Table  5  with  7  (mod  g) 

when  it  is  improperly  primitive. 


If.    Example  1.6.    Let  Jl  ■  3  and  A  -  then 
?     -  3.    Take  p  -  5  and  q  =  7,  then  /_2_]  =  /§)=-!, 


Henoe  odd  Te  1  (mod  3).  It  is  found  that  s  =  31,  A 
A  =  75*W,  r»  ■  2r,  =  10,  and  c  =  40.  Hence 


fx  =  25X2  +  53gy2  +  4oz2  +  60yz  +  62xz 

represents  primitively  no  Y2  where  odd  X=  1  (mod  3), 
and  f^  possesses  an  almost  characteristic  of  the  second 
kind. 

Now  take  p'  =  13,  then  i^L^j  =  1  and  =  -  l. 

Therefore  odd    X  h  2  (mod  3).    It  follows  that  s  =  229, 
A  =  6og20,  r«  ■  2rx  =  3^,  and  c  =  32g.  Henoe 

f2  -  169X2  +  5ggy2  +  32Sz2  +  2C%z  +  k5&xz 
represents  primitively  no         where  odd    Y  ■  2  d*10*3-  3)  and 
fg  possesses  an  almost  characteristic  of  the  second  kind. 

The  characters 

(;)-(*ww)"-1- 


-  6*~ 


Hence  f-j_  and  f2  are  in  the  same  genus  of  forms 


CHAPTER  VII 

THE  FORM  f  =  ax2  +  H-HqSy2  +  cz2  +  2Hr»yz  +  28XZ  WHERE  THE 
INVARIANTS  -0-  AND  A  CONTAIN  NO  COMMON 

ODD  PRIME  FACTOR  TO  AN  ODD  POWER  \ 

1,    Lemma  1.7.    Let   Q}  and  A'  be  odd  squares.  Let 
the  characters  with  respect  to       and  the  characters  with 
respect  to  k  and  g,  when  they  exist,  have  the  value  one. 
Let  JJ^"  1  and  let  p  and  q  be  distlnot  odd  primes  and 
prime  to  d,  and  let  _0"i  A",  p,  and  q  have  the  properties 
listed  for  the  particular  cases  in 

TABLE  6 


Case 

Power 

of  2 

A" 

A" 

jX»a« 

P  s 

q  ■ 

1 

even 

even 

=  1 

>  16 

>  16 

1    (mod  it-) 

1    (mod  k) 

2 

even 

even 

>  k 

>  16 

>  6k 

1    (mod  k) 

1    (mod  k) 

3 

odd 

odd 

>  2 

>  g 

>  16 

1    (mod  fc) 

l,3(mod  g) 

k 

odd 

even 

>  2 

>  16 

>  32 

l,3(mod  g) 

1    (mod  k) 

5 

even 

odd 

m  1 

>  g 

>  g 

l,3(mod  g) 

l,3(mod  g) 

6 

even 

odd 

>  k- 

>  g 

>  32 

I 

l,3(mod  g) 

i 

l,3(mod  g) 

Then  properly  primitive  positive  ternary  quadratic 
forms  f  ■  ax2  +  k-^lq^j2  +  oz2  +  2 Cir 1  yz  +  2sxz  and  F  exist. 
Moreover  /  *L_\  =  i  for  each  odd  prime  factor  q    of  A, 
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To  show  the  existence  of  the  form  f  take  a  =  1  or  p2, 
Then  the  character  (JL\  =  1  for  each  odd  prime  faotor  p  of 

a.  aiso  (— )  ■  i  ■ 


rt. 


(!) 


Prom  the  definition  of  a  oofactor  of  an  element  of 
d,  C  -  4-aq2  so  that  ( JL\  -  / SJ\  «  1. 

From  the  expression  for  the  determinant  d,  (66)  and 
(67)  are  obtained.    Then  (6*5)  has  a  solution,  because 


for  oases  1,  2,  and  3  of  Table  6,  and 


m  \  for  oases  ^,  5»  and  6  of  the  table. 

P 

Prom  the  expression  for  the  determinant  d  of  f  (30) 
is  obtained.    Hence  r1  must  be  even  since  A"  is  even. 
Therefore  use  (7^)>  and  (67)  beoomes  (75)  whence  the  con- 
gruences (76)  and  (77)  must  hold.    The  quadratic  oharaoter 

(-?*)  7-4^ 

q  /  =  \  q  /  =  I  —  -J  =  (   H  )  ,  which  is  equal  to 

[for  oases  1,  2,  and  k;  and  to  I"  £  \for  oases  3,  5,  and 
6.    Henoe  in  all  cases  (         )  68       slnce  *  ■  1  (mod  *0  f°r 
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oases  1,  2,  and     and  q  a  1,  3  I**  g)  for  cases  3.  5,  and 
6.    Hence  the  congruence  (76)  has  a  solution  in      which  is 
taken  odd.    The  integral  value  of  o  is  given  by  (75)  where 
c  is  even  in  cases  1  and  5  but  is  odd  for  the  remaining  cases. 

Since  a  is  odd  and  (a,  iJ-Aq2)  =1,  f  is  properly 
primitive,  and  since  (2)  holds,  f  is  positive. 

By  an  argument  similar  to  that  used  in  oases,  not 
1  and  5,  of  Lemma  1.6  it  may  be  shown  that  B  is  an  odd 
integer,  and  that   ft  is  the  greatest  common  divisor  of  the 
cofaotors  of  the  elements  of  d. 

In  all  oases  of  Table  6  with  A"  >  16,  B  a  l  (mod  g). 

Hence  [""  i  \  =  1  =  |  —  V 

b)  \b) 

In  oases  1,  2,  and  k  with  A"  -  l6,  B  a  5  (mod  g). 
Hence  and  |ij  =  -  1. 

In  oases  3,  5,  and  6  with  A"  <  16,  B  a  3  (mod  g) . 
Hence  ^~_2:^  m .m  X  ■  ^2. j  •    Therefore  Lemma  1,7  is  true. 

2.    Lemma  2.7.    Let   D!  and  A'  be  odd  squares,  n." 
and  A"  each  be  odd  powers  of  2,  and  n"A"  >  256.    Let  p  ■  1 
(mod  k)  and  q  a  1,  3  (mod  g)  be  distinct  primes  and  prime  to 
d.    Then  f  of  Lemma  1.7  represents  primitively  no  y  2  where 
'/is  positive,  prime  to  pq  Q.A,  and   y  a  5pq  or  7pq  (mod  g) 

If  f  =  y"2-  has  a  primitive  solution  (x,y,z) ,  then 
u,  v,  and  z  can  have  no  oommon  prime  faotors  except  p  and  q, 


-  Cg  - 

since  "by  (5)  such  a  prime  factor  would  divide  x,  y,  and  z 
and  the  solution  would  not  be  primitive. 

If  p  s  5  (mod  g) ,  p  oannot  divide  z  since  f  -  72, 
z  5  0  (mod  p)  implies  (6k) .    But  |i£sflij  .  =  j^ij 

Hence  has  no  solution  and  p  does  not  divide  z. 

From  {k)  and  (5)  with  a  =  p2,  f  -   T2  and  v  =  2ilv2 

there  is  obtained  (gg)  from  which  (09),  (90)  and  (91)  are 
obtained.    Take  0  ■  P  or  <T  •    Then  by  821  argument  identioal 
with  that  in  Lemma  2.6,  ©  is  found  to  be  >  0.    Also  by  (91) 
and  the  fact  that  y  ■  5pq  or  7  pq  (mod  g)  it  is  found  that 

it 

©  s  5  or  7  (mod  g) . 

Assume  there  exist  integers  u,  v2,  and  z  that 
satisfy  (g9).    Then  u,  v2f  and  0  must  satisfy  (93).  But 

Ir^j-  (-*)•  t*)-  (■  I 

or  7  (mod  g).  Hence  (93)  has  no  solution  if  ( jQ-(pv2)2,©)  =1. 
But  (       0)  =  1  and  j  m  -  l.    HeJnoe  there  exists  an  odd 

prime  factor  p    prime  to   H.  and  dividing  0  to  an  odd  power 
such  that  ( "*  fL  \  =  -  1.    Therefore  [~  2    j  =  -  t  and  p.  a  5f  7 

(mod  g).    Hence  by  assumption  (95)  has  a  solution  when 
(  Q-(pv2)  ,pe)  >  1,  and  since  pe  does  not  divide  A  it  must 
divide  pv2  and  therefore  divides  qu.    Hence,  with  v^ 
replaced  by  v,,  (23)  holds,  and  an  argument  similar  to  that 


-  1,  since  ©  s  5 
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given  in  Lemma  2.2  shows  there  is  no  primitive  solution  to 
f  ■  T2.    Henoe  Lemma  2,7  is  true. 

3.    Theorem  1.7.    If  fl*  and  A»  are  odd  squares,  n" 
and  A"  are  each  odd  powers  of  2  with  f>."A"  >  256,    f^and  A 
contain  no  common  odd  prime  factor  to  an  odd  power,  and  each 
of  the  characters  with  respect  to  Cl  and  the  characters  with 
respect  to  4-  and  g,  when  they  exist,  have  the  value  one, 
then  there  exist  genera  of  properly  primitive  positive 
ternary  quadratic  forms 

f  -  p2x2  +  ^q2^  +  oz2  +  2_0,r*yz  +  2sxz, 
with  properly  primitive  reciprocals  F,  containing  at  least 
two  classes  of  forms  with  an  almost  charaoteristio  of  the 
seoond  kind. 

For  f  of  Lemma  1.7  define       ■  f ,  when  p  s  1  (mod  g) , 
and  f2  ■  f ,  when  p  ■  5  (nod  g) . 

For  t1  and  f2,  take  b  ■  ^P.q2,  r  ■  Qr1  ■  2Qrlt 
t  ■  0,  and  then  s,  r,  and  o  are  determined  as  in  Lemma  1.7. 
From  Lemma  1.7  it  is  seen  that  I        ■  [£  \  -  1  depends  only 

upon  A  so  that  f1  and  f2  belong  to  the  same  genus  of  forms. 
By  Lemma  2,7  f^  represents  primitively  no  -y2  where  7a  5  or 
7  (mod  g)  and  f2  represents  primitively  no  -y2  where    7i  1 
or  3  (mod  3).    Therefore  the  genus  containing  f  and 

contains  at  least  two  classes  since  f^  and  f^  belong  to 
different  classes  for  there  exists  no  odd  square  represented 
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primitively  by  both       and  fQ,    Sinoe  n  and  A  may  have 
different  values  subject  to  the  restrictions  Imposed  upon 
them  In  the  hypothesis,  It  follows  that  genera  of  properly 
primitive  positive  ternary  quadratic  forms  containing  at 
least  two  classes  of  forms  with  an  almost  characteristic  of 
the  seoond  kind  exist. 

Example  1.7.    Let  -fl°  2  and  A  =  12g.  Take 
p  =  17  and  q  =  3.    Then  s  =  5,  A  ■  kt  r1  -  2rx  »  22,  and 
o  =  27.  Hence 

f!  ■  2^9x2  +  72y2  +  27z2  +  ggyz  +  lOxz 
represents  primitively  no  J  2  where   Y  ■  5,  7  (mod  g)  so 
that  f^  possesses  an  almost  oharaoteristio  of  the  seoond 
kind. 

Now  take  p  =  5.    Then  s  ■  27,  A  ■  IO60,  r«  =  2rx 
■  10,  and  o  =  35.  Hence 

f2  =  25X2  +  72y2  +  35z2  +  *K)yz  +  5^-xz 
represents  primitively  no  r2  where  /  ■  1,  3  (mod  g). 
So  that  f2  possesses  an  almost  characteristic  of  the  seoond 
kind. 

The  characters 

~"b  )  "  (iii?)  =  ("73  V  l> 


1  -M-W-i 

B  /     1 3^9  /    \  73 


l. 


Hence       and  f2  are  in  the  same  genus  of  forms 


CHAPTER  VIII 

THE  FORM  f  =  2p2X?  +  2  -Oq2^  +  oz2  +  2Qr%yz  +  2sxz  WHERE 
THE  INVARIANTS  fl  AND  A  CONTAIN  NO  COMMON 
ODD  PRIME  FACTOR  TO  AN  ODD  POWER 

1.    Lemma  l.g.    Let  n*  and  A*  be  odd  squares  where 
each  prime_  factor  of  Ql  is  congruent  to  1  or  7  modulo  g,  and 
let  CL*  ■  1  and  A"  be  an  even  power  of  2  with  A"  >  16,  Let 
the  characters  with  respeot  to  Cl  and  the  characters  with 
respect  to  ^  and  g,  when  they  exist,  have  the  value  1.  Let 
p  and  q  be  distinct  odd  primes  and  prime  to  the  determinant 
d  with  both  p  and  q  oongruent  to  1  or  3  modulo  g,  and  let 
P^^=  1.    Then  properly  primitive  forms 

f  ■  2  p2x2  +  2nq2y2  +  oz2  +  2ar'yz  +  2sxz, 
where  (o,  2pqH)  ■  ly  exist,  with  properly  primitive  recip- 
rocals P.    Moreover  f  JLm  |  =  1  for  each  odd  prime  factor 

wJ 

q    of  A, 

Take  a  ■  2P2,  b  ■  2-fiq2,  r  ■  Ar',  and  t  *=  0.  The 

/2p2\ 

character    «  1  since  each  prime  factor  of  Cl1  is  con- 


gruent to  1  or  7  modulo  &,    Prom  the  definition  of  a  co- 


Prom  the  expression  for  the  determinant  d  of  f  there 
is  obtained 


factor  of  an  element  of  d,  C  =  ^p2q2  so  that 


for  each  odd  prime  factor  q^  of  A. 


-  71  - 


-71- 

(96)  P*A  -  q2S2  -  M 
where 

(97)  A  ■  2q2o  -  nr'2. 

Henoe  A  Is  odd  if  s  and  r'  are  ohosen  odd.  From  (96)  it 
follows  that 

(gg)  s2  -  -  Q|q!  (mod  p2) 

where 

(99)  q2qi  s  1         (mod  p2) 

so  that 


P  '  \  P  /  \        P  '  \  P 

slnoe  p  ■  1,  3  (mod  £>) .    Henoe  (9&)  has  a  solution  for  s. 
Also  s  is  chosen  odd,  and  the  integral  value  of  A  is  given 
by  (96). 

From  (97)  it  follows  that 

(100)  r'2  ■  -  A  $l2  (mod  2q2) 
where 

(101)  a  1  (mod  2q2). 

Note  from  (96)  that  p2A  »         (mod  q2) .    Then  the 

2 

quadra tio  oharacter 

-  ah2^   {-  p2ai\^   fm  n*a2  J    ^  2 


—  r  i. 


since  q  ■  1,  3  (mod  85).    Hence  (100)  has  a  solution  for  r1. 
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Also  r'  Is  chosen  odd,  and  the  integral  value  of  o  Is  given 
hy  (97).    Moreover  (c,2p2,2 -Oq2)  =  1  so  that  f  is  properly 
primitive.    Also  (2)  holds.    Henoe  f  is  positive. 

It  must  be  shown  that  II  is  the  greatest  common 
divisor  of  the  oofaotors  of  the  elements  of  d.    By  the 
expressions  for  these  oofaotors,  namely 

XX A  =  2fiq2o  ~  -ri2r'2 

nB  =  2^0  -  s2 

nc  =  lfrip2q2 

(102) 

D-R  -  -  2np2r« 
ft  S  =  -  2f).q2s 
aT  «=  fir's, 

it  is  seen  that  each  element  of  the  determinant  of  P  is  an 
integer  with  the  possible  exception  of  B. 

From  the  expression  for  d,  there  is  obtained 
(103)  q2B  =  p2r»2  +  JL 

If  B  is  rational  and  not  an  integer  its  denominator  must 
divide  q2.    Also  the  denominator  of  B  must  divide  A  since 
flB  -  2p2c-  s2  and  2p2o  -  s2  is  an  integer.    But  (q2,  D.)  =1. 
Henoe  B  is  an  integer.    Further,  it  is  seen  from  (103)  that 
B  must  be  odd.    Hence  F  is  properly  primitive,  provided  it  is 
primitive.    A  common  divisor  \T  of  the  elements  of  the  deter- 
minant of  F  must  divide  both  C  ■  *4-p2q2  and  XLA2.    Hence  (T~ 
must  divide  k-.    But  <f~  must  divide  B  an  odd  integer.  There- 
fore J~  =  1  and  F  is  primitive.    Hence  Cl  is  the  greatest 


-  71*  - 

common  divisor  of  the  cofaotors  of  the  elements  of  d. 

From  (103)  it  is  seen  that  B  ■  1  (mod  g).  Hence 

"Li: ]  =  1  ={2\  ,  and  Lemma  1.3  is  true. 

B  /  \B/ 

2.    Lemma  2.g.    Let  CI*  and  A'  be  odd  squares  where 
each  prime  factor  of   n1  is  congruent  to  1  or  7  (mod  g). 
Let   a"  =  1  and  A"  >  16  be  an  even  power  of  2.    Let  p  and  q 
be  distinct  primes  and  prime  to  d,  with  p  and  q  a  1  or  3 
(mod  g).    Let   y  be  positive  and  prime  to  pq.QA.  Let 
y«  1  (mod  H-)  when  p  m  q  or  3q  (mod  g)  respectively 
according  as  A"  =  16  or  A"  >  16.    Let  y  a  3  (mod  4-)  when 
p  ■  3q  or  q  (mod  g)  respectively  according  as  A"  =  16  or 
A"  >  16.  Then 

f  =  2p2x2  +  2rXq2y2  +  cz2  +  2ar'yz  +  2sxz 
of  Lemma  l.g  represents  primitively  no  T'2. 

If  f  =  T2  has  a  primitive  solution  (x,yfz)  with 
z  odd,  then  from  (^)  and(5) ,  u,  v,  z  oan  have  no  common 
prime  factors  except  p  and  q  by  an  argument  similar  to  that 
for  Lemma  2.2 

If  P  a  3  (mod  g),  p  does  not  divide  z  since  f  =  y2t 
z  g  0  (mod  p)  implies  that 
(10*0  y2  m  2m2y2  (mod  p) . 

But  ^2n^  y  j  =  -  1,  since  p  s  3  (mod  g)  by  hypothesis 

Hence  the  congruence  (10^)  has  no  solution  and  p  does  not 
divide  z. 

Prom  tk)  and  (5)  it  followB  that 
{105)  (qu)2  +   a(pVl)2  =  2   |Tpqr)2  -  QA  z2j 
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so  that 

(106)  (qu)2  +  n(prx)2  -  2  P<T 

where 

(107)  f  ■  P*  +  I  \/nZz 

2  v 

Take  0  =  f  or  (f  .    Then  by  an  argument  similar  to  that  for 
Lemma  2.2,  0  is  found  to  be  >  0.    Note  that  if  f  =  72,  z 
must  be  odd.    Observe  by  (107)  that  0  ■  3  (mod  k) . 

Assume  there  exists  integers  u,  v^t  and  z  that 
satisfy  (105).    Then  u,  v1#  and  ©  must  satisfy. 
(10g)  (qu)2  s  -  a(PVi)2  (mod  ©). 

Consider  the  oase  where  (.0  (pv;j_) 2,©)  ■  1. 

-  rMpv^2  \ .  /  .jfi  \ 


-  i\m  -  1,  sinoe  ©  ■  3  (mod  10. 


©        I    \   ©  / 

Hence  there  is  no  solution  if  (JKpv^)2,©)  ■  1.  Therefore 
consider  the  oase  where  (_0.(pv^)  2fg)  >  1.    Sinoe         je  _  j 

there  exists  an  odd  prime  factor  pe  ,  prime  to  D. ,  and 
dividing  ©  to  an  odd  power  such  that 


p.  '  \  p.  / 

Henoe  Pft  ■  3  (mod  4-) .    Therefore  if 

(109)  (qu)2  s  -  nfpv-L)2  (mod  p#) 

has  a  solution  p^  divides  pv-^  and  divides  qu.  Therefore 

(22)  holds. 


If  p  b  3  (mod  g),  pe  /  p  since  z  ft  0  (mod  p)  as 
shown.    If  p  a  1  (mod  g) ,  p#  ji  p  since  pe  «  3,  7  (mod  g). 
Also  p9  /  q  S  1  (mod  g). 

If  q  s  3  (mod  g) ,  q  does  not  divide  z  since  f  =y2, 
z  ■  0  (mod  q)  implies 

(110>  72  |  2p2x2  (mod  q) . 

2JL*LJ  b  |2|  _  „  i  since  q  ■  3  (mod  g).    Hence  p#  /  q 

■  3  (mod  g-)  since  z  **  0  (mod  q)  has  Just  been  shown.  There- 
fore (23)  holds.  Hence  (pe,z)  =  1  since  otherwise  p#  would 
divide  x  and  y  by  (5).    Therefore  the  congruences  (10g)  and 
(109)  have  no  solution  and  Lemma  2.g  is  true. 

3.    Theorem  l.g.    Let  A1  and  A 1  be  odd  squares  with 
each  prime  factor  of   q'  congruent  to  1  or  7  (mod.  g)  , 
Cln  =  1,  and  A"  >  16  be  an  even  power  of  2.    Let  p  and  q  be 
distinct  primes  each  a    1,  3  (mod  g)  and(pq,Xl2A)  =  1.  Let 
(r  »r*L/lA)  ■  !■    Let  7   s  1  (mod  4-)  when  p  a  q  or  3q(mod  g) 
respectively  according  as  A"  =  16  or  A"  >  16.    Let  ~Y  5  3 
(mod  ^)  when  p  ■  3q  or  q  (mod  g)  respectively  according  as 
A"  »  16  or  A"  >  16,    Let  the  characters  with  respect  to  CL 
and  the  characters  with  respect  to  k-  and  g,  when  they  exist, 
have  the  value  one.    Then  there  exist  genera  of  properly 
primitive  positive  ternary  quadratic  forms 

f  =  2p2x2  +  2Qq2y2  +  0z2  +  2ilr«yz  +  2sxz, 
where  (o,2pqil)  =  1,  with  properly  primitive  reciprocals  P, 
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containing  at  least  two  classes  of  forms  possessing  an 
almost  characteristic  of  the  second  kind. 

For  f  of  Lemma  l.g  define  f 1  =  f  when  y  ■  pq  (mod 
or  3  pq  (mod  *J-)  acoording  as  A"  ■  16  or  A"  >  16.  Define 
f 2  «  f  when  y  ■  3  pq  (mod  4-)  or  pq  (mod  ^  acoording  as 
A"  =  16  or  A"  >  l6. 

For  f-L  and  f2  take  b  ■  2nq2,  a  -  2p2,  r  ■  fir1, 
t  =  0,  and  then  s,  r,  and  o  are  determined  as  in  Lemma 
From  Lemma  1.2  it  is  seen  that  /  F\  depends  only  on  A  so 
that  f1  and  f2  belong  to  the  same  genus  of  forms.  By 
Lemma  2,g,  f]_  represents  primitively  no  y  2  where  y  ■  1 
(mod  fc)  and  f2  represents  primitively  no  72  where  7»  3 
(mod  M.    Therefore  the  genus  containing  f~  and  fg  contains 
at  least  two  classes  for  there  exists  no  odd  square 
represented  primitively  by  both  f1  and  f,,. 

Since  O.  and  A  may  have  different  values  subject  to 
the  restrictions  imposed  upon  them  in  the  hypothesis,  it 
follows  that  genera  of  properly  primitive  positive  ternary 
quadratic  forms  of  at  least  two  classes  of  forms  with  an 
almost  characteristic  of  the  second  kind  exist. 

4-.    Example  l.g. 
Let  f  =  2p2x2+  2    q2y2  +  oz2+  2    r'yz  +  2sxz,  ft-  =  1  and 
A  -  16.    Take  p  «=  3  and  q  =  11.    Then  s  ■  13,  r1  -  53  and 
c  =  21  so  that 

fx  -  lSx2  +  2^23^  +  21z2  +  106yz  +  26xz. 


The  transformation 
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- 

/ 

—  D 

3 

k 

-2 

U 

-1A 

9/ 

reduces  f^  to 

f,  =  2X2  +  2Y2  +  5Z2  -  2YZ  -  2XZ. 
Hence  by  Lemma  3»2  the  class  of  forms  represented  by 
represents  primitively  no  ~Y  2  where  7^e  1  (mod  4-) . 

Now  take  p  =  17.    Then  s  =  127,  r'  «  109,  and 
c  =  77  so  that 

f2  =  578x2  +  2^-23^  +  77z2  +  21gyz  +  25^xz. 
This  reduces  to 

f ^  =  X2  +  Y2  +  16Z2. 
Hence  by  Lemma  3»2  the  class  of  forms  represented  by  f^ 
represents  primitively  no  X  2  where  V  3  3  (mod  H-) . 
The  characters 

109 

(^109  /  \2g377 
Hence  f-^  a*"3-  f2  are  ln  the  same  Senus  of  forms  and  each 
possesses  an  almost  characteristic  of  the  second  kind. 
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